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INTRODUCTION 


History 

Three  years  ago  the  first  co-author  of  the  nres- 
ent  work  collaborated  with  Weinblum  in  the  writ- 
ing of  a paper  entitled  “On  the  Motions  of  Ships 
at  Sea”  [24].*  In  that  paper  Lord  Rayleigh  was 
quoted  as  saying:  “The  basic  law  of  the  seaway 
is  the  apparent  lack  oi  any  law.”  Having  made 
this  quotation,  however,  the  authors  then  pro- 
ceeded to  consider  the  seaway  as  being  composed 
of  “a  regular  train  of  waves  defined  by  simple 
equations.”  This  artificial  substitution  of  pat- 
tern for  chaos  was  dictated  by  the  necessity  of  re- 
ducing the  utterly  confused  reality  to  a simple 
form  amenable  to  mathematical  treatment. 

Yet  at  the  same  time  and  in  other  fields  the 
challenging  study  of  confusion  was  being  actively 
pursued.  Thus  in  1945  Rice  was  writing  on  the 
mathematical  analysis  of  random  noise  [18]  and 
in  1949  Tukey  and  Hamming  were  writing  on  the 
properties  of  stationary  time  series  and  their 
power  spectra  in  connection  with  colored  noise 
[23].  In  the  same  yeaj-  Wiener  published  his  now 
famous  book  on  time  series  [20].  These  works 
were  written  as  contributions  to  the  theory  of 
communication.  Nevertheless  the  fundamental 
mathematical  discipline  expounded  therein  can 
re-.dily  he  • . ♦•mded  to  other  fields  of  scientific 
endeavoi.  Thus  in  1952  the  second  co-author, 
inspired  by  a contribution  of  Tnkey,  was  able 
to  apply  the  foregoing  theories  to  the  study  of 

* f^uoibcrs  in  bfiickets  refer  to  references  listed  at  the  end  of  this 
paper. 


actual  ocean  waves  [22]  [14],  .As  the  result  of 
analyses  of  actual  wave  records,  he  succeeded  in 
giving  not  only  a logical  explanation  as  to  why 
waves  are  irregular,  but  a statement  as  well  of 
the  laws  underlying  the  behavior  of  a seaway 
[13].  There  is  indeed  a basic  law  of  the  seaway. 
Contrary  to  the  obvious  inference  from  the  quo- 
tation of  Lord  Rayleigh,  the  seaway  can  be  de- 
scribed mathematically  and  precisely,  albeit  in  a 
statistical  way. 

Two  ideas  that  were  advanced  in  the  discussion 
following  the  presentation  of  the  first  quoted  paper 
may  be  said  to  have  served  as  a challenge  to  the 
authors  to  write  the  present  work.  The  first  was 
the  plea  by  Davidson  for  a closer  collaboration 
between  the  oceanographer  and  the  naval  archi- 
tect for  the  purpose  of  treating  the  problem  of 
the  actual  irregular  surface  of  the  sea  on  which  the 
ship  sails.  The  second  was  the  stimulating  com- 
ment by  Wheelock  reproduced  here  in  full:  "It  is 
axiomatic  that  a confused  sea  is  confusing.  A 
matter  that  always  intrigues  me  is  the  occasional 
account  of  an  extra  mountainous  wave  encoun- 
tered by  a ship,  a wave  out  of  all  proportion  to 
the  others  in  the  area.  Since  the  sea  surface  is 
apparently  the  sum  of  a multiplicity  of  simple 
wave  systems,  ii  would  be  enlightening  to  learn 
what  would  be  the  result  of  a concurrence  of  all 
crests  of  an  assumed  set  of  wave  systems,  the  time 
probability  of  such  an  event  and  the  probability 
of  a ship  under  way  in  the  area  encountering 
one.  -After  all  we  must  provide  for  the  worst.” 
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Purpose 

The  purpose  of  this  pajrer  is  to  integrate  the  re- 
sults of  Weiubluin  and  St.  Denis,  of  Rice,  of  Tu- 
key  and  Hailiiiiing  and  of  Pierson  in  the  endeavor 
to  satisfy  the  comments  made  in  1950.  To  tins 
eml  a rigorous  stutistieul  definition  will  be  given 
of  scr.  conditions:  one  which  will  bring  out  the 
basic  difference  between  a “.sea"  and  a "swell.” 
The  thesis  will  be  then  to  derive  the  response  of  a 
ship  to  confused  seas,  whether  these  be  composed 
of  storm  waves  or  of  swells.  The  authors’  intent 
is  to  present  findings  useful  to  the  designer  and 
researcher  engaged  in  the  study  of  ship  nii>tions. 

Because  of  parallel  studies  presently  uiideiway 
on  wave  generation  and  deeay,  it  is  now  jiossible 
to  foreeast  wave  eoiiditions  several  days  in  ad- 
vance of  their  occurrence.  When  an  integration 
is  made  of  the  studies  on  the  forecasting  of  sea 
conditions  and  those  on  ship  resixjiise,  the  results 
may  well  prove  to  be  of  iiiiixirtanee  to  the  navi 
gator  as  well. 

The  sea  loses  little  of  its  mystery  by  being  de- 
fitieil.  Nevertheless,  it  is  essentially  on  the  basis 
of  the  definition  to  be  given  herein  that  it  will  be 
possible  to  arrive  at  some  prediction  of  the  mo- 
tions of  a vessel  tossed  about  by  the  fury  of  the 
sea.  To  the  extent  that  the  naval  architect 
learns  to  foretell  the.  beiiavior  of  a ship  in  her 
natural  element,  he  acquires  in  her  a laboratorj’ 
with  which  to  gain  fuither  itisight  into  the  nat- 
ural phenomena  of  his  ooneern. 


It  is  hoped  that  this  paf)er  will  be  the  first  in  a 
long  series  of  works  of  collaboration  betv/een  naval 
architect  aiul  oceanographer.  They  have,  in- 
deed, much  to  .share  with  each  other  and  much  to 
tell  jointly.  For  the  sister  professions  they  serve 
have  one  great  element  in  common : the  incon- 
stant and  boundless  sea. 

CooRDiN.ATK  Systems 

Before  entering  into  an  exjwsition  of  the  theory, 
the  space  coordinate  systems  to  be  used  will  be  de- 
fined. There  are  four  .such  systems : all  are  right- 
handed  and  so  directed  that  the  Z axis  is  vertically 
upward.  In  each  system  angular  measurements 
are  made  counterclockwise  with  reference  to  the 
positive  .V  axis.  In  the  major  part  of  the  deriva- 
tions of  this  pai>er,  coordinate  systems  (cj  and  (d) 
listed  below  will  be  used.  The  mutual  relations 
of  all  the  .systems  herein  employed  are  given  in 
Fig.  1.1  and  Table  1.1  gives  a .summary  of  the 
transformations  of  each  system  into  the  others. 

(a)  Fixed  Coordinate  Sy!:tem  Oriented  with 
Respect  to  the  F.arth.  The  coordinates  may  be 
identified  by  the  subscript  a,  for  absolute.  The 
origin  of  this  system  is  at  a fixed  point  on  the  sur- 
face of  the  sea.  The  positive  Xa  and  ]’„  axes  are 
due  east  and  due  north,  respectively.  The  angles 
Xa  arc  measured  counterclockwise  from  the  posi- 
tive A'a  axis.  This  system  is  used  in  describing 
the  .seaway  per  se  without  referenee  to  a vessel’s 
position  and  eourse. 
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i lr.  1.!.  CooRIUNATK  SVSTEM“ 


(b)  Fixed  Coordinate  System  Oriented  with 
Respect  to  the  Wind  Direction.  The  cof)rdinates 
may  be  identified  by  the  subscript  w,  for  wind. 
The  origin  of  this  system  is  the  same  as  the  pre- 
ceding. The  positive  A’,r  axis  is  in  the  direction 
toward  which  the  wind  is  blowing.  This  system 
is  used  in  obtaining  the  frequency  spectrum  of  the 
seaway. 

(c)  Fi.ved  Coordinate  System  Oriented  with  Re- 
spect to  t'ne  Moving  Ship.  The  coordinates  may 
be  identified  by  the  absence  of  any  subscript  since 
this  will  be  the  most  frequently  used  system.  The 
origin  of  this  system  is  the  same  as  the  two  preced- 
ing. The  positive  X axis  is  in  the  direction  oi  the 
ship’s  heading.  This  system  is  used  to  obtain 
the  response  amplitude  operators. 

(d)  Moving  Coordinate  System  Oriented  with 
Respect  to  the  Vessel.  The  coordinates  may  be 
identified  by  the  subscript  e,  for  effective  or  en- 
counter, The  origin  of  this  system  is  at  the 
vessel’s  center  of  mass.  The  positive  X,  axis  is 
in  the  direction  of  the  ship's  heading.  This 
system  is  used  to  obtain  the  .ship's  response. 


Procedure 

In  this  p»aper  the  pattern  of  presentation  of  the 
theory  will  follow  an  order  of  cause  and  effect. 
For  the  subject  matter  this  is  written 

Seaway  X Kesponsc  amplitude  operator  X 

Freq’'.ency  mapping  = »hip  response 

The  seaway  is  first  obtained  with  reference  to 
the  direction  of  the  wind,  or  winds,  generating  it. 
When  the  ultimate  objective  is  simply  the  defini- 
tion of  the  sea  state,  t’hen  the  seaway  is  most  con- 
veniently defined  with  reference  to  an  absolute 
system  of  coordinates.  This  is  ap  arent  if  it  is 
reflected  that  a seaway  is  often  made  up  of  wave 
trains  originating  in  more  than  one  aiea.  When 
the  ultimate  objective  is  the  response  of  a ship, 
then  the  seaway  needs  be  defined  with  reference 
to  a relative  coordinate  system.  Up  to  this  point 
the  transforuiations  lequired  to  change  the  co- 
ordinate systems  are  simple ; they  involve  merely 
rotations  about  a fixed  point.  However,  tlit  mo- 
tions of  a ship  must  be  uKimately  referred  to  the 
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moving  coordinate  system  of  the  vessel.  As  will 
be  seen  later,  this  step  introduces  some  eoin- 
nlcx;t;c3  and  rcsnits  iii  a complete  Citaiige  tii  the 
pattern  of  wave  frequencies.  It  ap|>cars  con- 
venient to  change  the  reference  system  front  one 
which  is  fi.xed  in  space  (system  c)  to  one  which 
is  moving  with  the  vessel  (system  d)  at  that  step 
in  the  procedure  which  considers  the  frequency 
mapping.  The  following  then,  is  the  t»rder  of 
steps  ill  developing  the  theory  of  this  paper; 


(a)  Definition  of  the  .seaway — with  reference  to 
the  fi.xed  coordinate  systems  (absolute,  wind  and 

rC-jiAU  Vc). 

(b)  Calculation  of  the  response  amplitude  oper- 
ators--with  reference  to  the  relative  system. 

(e)  Mapping  of  the  frequencies  - from  the  rela- 
tive to  the  vessel's  system. 

(d)  Determination  of  the  ship’s  response  -with 
reference  to  the  vessel's  coordinate  system. 


I HE  SEAWAY 

“In  a broad  sense  the  laws  of  nature  are  (iaussian.’’ 


Prkli.min.\ry  Rem.xrks 

When  a storm  is  raging  at  sea  the  waves  gener- 
ated by  the  wind  present  a picture  of  endless  con- 
fusion from  which  any  scn.se  of  regularity  is  totalh- 
absent.  Only  as  the  waves  travel  far  from  the 
storm  area  where  they  were  generated  do  they 
acquire  some  ap|)areiil  periodicity  or  rhythmi'- 
pattern.  As  the  distance  from  the  generati.ig 
area  increases  this  aspect  of  regularity  becomes 
more  pronounced.  Complete  regularity  in  the 
rise  and  fall  of  the  sea  surface  is  never  attained 
ill  nature.  Where,  as  in  the  case  of  a running  swell, 
it  is  approached,  the  waves  have  become  so  re- 
duced in  height  that  this  case  is  not  of  dominant 
interest  in  tlie  application  to  ship  motions.  Vet 
almost  all  studies  of  ship  motions  have  bee*ii  based 
on  a sea  of  jierfect  regularity,  in  spite  of  the  ob- 
viously restricted  applicability  of  the  ensuing  re- 
sults. No  dependable  estimates  can  be  derived 
from  such  theories  as  to  the  motions,  accelerations 
and  (irop  in  speed  that  a vessel  mav  experience 
ill  heavy  seas.  .\s  a consec|uence,  a reliable  guide 
is  lacking  for  assessing  the  relative  merits  of  coni- 
parative  hull  forms. 

Because  of  the  powerfully  limited  a|)plicability 
of  the  theory  on  ship  motions  based  on  regular 
(long-crested,  sinusoidal)  seas,  the  authors  have 
iiKjuired  as  to  how  far  a thcoiy  could  be  develo|)ed 
for  jiredicting  shi])  motions  in  completely  iiregu- 
lar  seas  The  object  of  this  paper  is  to  present 
such  development  for  criticism  by  the  profession. 

The  results  of  this  paper  will  show  that  if  it  is 
possible  to  determine  the  .’•espouse  of  a shi-p  to  a 
simple  sinusoidal  wave  system  of  any  period  and 
direction,  then  essential  jirojicrties  of  the  response 
of  a shi])  to  any  actu-al  seaway,  however  confused, 
can  also  be  found.  There  is  thus  made  available 
a means  of  predicting  the  amiilitudeof  ship  motions 
with  a greater  reliability  than  possible  heretofore. 


In  order  to  lead  up  to  the  representation  of  the 
seaway,  advanced  herein,  it  is  desirable  to  discuss 
first  other  possible  mathematical  models  for  rep- 
resentii'.g  a complex  seawar  and  the  limitations  to 
which  each  is  subjected. 

To  provide  a logical  jroint  of  departure,  some 
known  expressions  of  the  classical  wave  theory  will 
first  be  recalled. 


Cl.\ssic.\l  W.wk  Thforv 


The  theory  of  gravity  waves  presently  in  use  is 
normally  based  on  the  assumption  that  the  height 
of  the  waves  is  small.  This  assumption  irermits  a 
linearization  to  be  made  which,  in  the  present  ap 
plication,  will  ])r(A-e  to  be  of  essential  importance 
in  describing  the  seaway.  The  derivation  of  this 
theory',  as  given  in  Lamb,  remains  one  of  the  most 
briliiant  achievements  in  classical  hvdrodvnamics 

m. 

In  accordance  with  this  theory,  a surface  dis- 
turbance, a.s  created  by  a periodic  imiiulsive  force 
acting  along  a straight  line,  travels  from  the  source 
to  infinity  as  a jirogrcssive  wave  system.  Each 
wave  of  this  system  is  sinusoidal  in  profile,  has  an 
amplitude  unvarying  from  that  of  all  its  prede- 
cessors and  successors  and  requires  exactly  the 
same  increment  of  time  to  pass  by  a given  point. 
When  referred  to  a fixed  system  of  coordinates 
(A’^,  1'  either  absolute,  relative  or  wind)  and  the 
time  variable,  t,  the  free  surface  of  the  wave  is 
completely  described  by  the  expression 


r(A',  r,  /) 


if"',.' 

Lg 


.V  cos  X -|-  I sinx  ) — Cl)/  -|-  e (1.1) 


In  this  equation  ^(A'  Y,  t)  is  the  height  of  the 
sea  surface  above  or  below  the  A'-  T plane  (Z  = 0), 
r„  is  the  wave  amplitude,  lo  is  the  angular 
wave  frequency  such  that  u>  — 2ir/r,  where  t 
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is  the  wave  period,  x is  the  direction  of  wave 
propagation  and  « is  any  phase  angle.  The  choice 
of  value  for  the  last  symbol  is  arbitrary ; it  deter- 
mines the  phase  for  the  wave  system  at  any  point 
at  the  instant  / = 0.  The  values  r„.,  y,  m and  t 
are  all  fixed  quantities  for  a particular  sinusoidal 
w.ave  system.  In  infinitely  deep  water,  which  for 
any  practical  purjxise  is  water  of  a depth  greater 
than  half  of  a wave  length,  the  length  of  wave,  X, 
and  its  velocity  of  travel,  ; , are  simply  functions 
of  the  wave  period  and  the  various  relationships 
given  hereunder  obtain : 


f 


T CJ 


X = 


-’irg  ^ • 

ui"  2:7 


(i.;{) 


At  times  in  current  literature  use  is  made  of  a 
wave  number  defined  as-' 


o)-  _ g _ -It- 
R “ r-  ~ gr- 


(i.-l! 


The  sea  surface  defined  by  equation  (i.l)  re- 
sembles at  any  instant  of  time  a sheet  of  corru- 
gated material  such  as  is  used  for  roofing  purposes. 
The  wave  crests  are  infinitely  long  straight  lines 
and  their  spacing  is  given  by  equation  (1  .•■!). 

Representation  op  the  Seaway  at  a Fixed 
Point — The  Origin 


The  problem  of  defining  the  seaway  as  a func- 
tion of  time  over  an  extent  of  the  sea  surface  may 
be  worded  as  follows : 

If  the  sea  surface  r{X,  Y,  i)  known  as  a func- 
tion of  time  at  a given  ixiiiit  (Xo,  To),  what  will 
it  be  at  any  other  point  {X,  T)  ? In  symbolic  rep- 
resentation : fliven  r{Xo,  To,  /)  determine 
riX,  Y,t). 

As  a first  step  the  problem  is  reduced  to  that  of 
representing  the  free  surface  at  a given  point  as 
a function  of  time  Without  loss  of  generality, 
the  given  point  may  be  chosen  as  the  origin  of  a 
fixed  system  of  coordinates.  Symbolically  then, 
this  first  step  is  that  of  repicsenting  r(0,  0.  /). 
With  an  obvious  simplification  of  notation,  the 
problem  is  stated  simply  to  be  that  of  detennin- 
ing  r{t),  the  rise  and  fall  of  the  surface  of  the  sea 
at  the  origin  of  a fixed  system  of  coordinates. 

Over  time  intervals  of  the  order  of  days  r{l) 
at  any  fixed  point  is  not  even  remotely  periodic. 
The  amplitude  of  the  waves  may  vary  from  neg- 
ligibly small  values  to  what  may  be  referred  to 
as  mountainous  proportions.  Fortun-jtely,  in 
the  study  cf  ship  motions  a radical  change  in 


* The  sign  A means  equals  by  definition. 


sea  state  i?  not  of  immediate  interest  and  the 
problem  can  be  reduced  to  that  of  analyzing  r{l) 
under  the  assuinjition  that  some  property  thereof 
is  preserved  for  a reasonable  time  interval.  The 
reservation  is  made  that  the  situation  is  still  unde- 
fined outside  of  some  possibly  larger  time  interval. 
What  does  constitute  a reasonable  time  interval 
will  depend  on  the  intended  application.  It  may 
be  observed,  however,  that  the  sea  state  changes 
very  slowly  and  can  be  assumed  to  remain  essen- 
tially constant  for  periods  of  the  order  of  20  to 
.'10  minutes  at  least. 

Thus,  in  studies  of  ship  motions  it  appears 
reasonable  to  assume  a steady  state  of  the  sea. 

Consider,  then,  a wave  record  of  some  20  min- 
utes duration.  Is  it  --.ossible  to  derive  some  func- 
tional descni.'tion  for  r(i)  which  will  represent 
the  wr.-'e  record  for  the  given  period? 

One  may  begin  by  considering  the  not-too- 
irregular  wave  record  of  Fig.  1 .2. 

(11  Periodic  Wave  System  with  ::n  Amplitude 
CernpOfieni  t:>  a Single  Spectra!  Frequency.  In  a 
theory  dcvelojicd  by  Sverdrup  and  Munk  for  de- 
fining actual  ocean  waves,  wave  records  are  an- 
alyzed on  the  basis  of  significant  height  and  period 
(21].  In  this  analysis  significant  height  and  pe- 
riod are  defined  as  the  average  of  those  obtained 
upon  consideration  of  the  one-third  highest  waves. 
Thus  a regular  ;>attern  represented  by 

r(/)  r„,  cos  + f 

is  made  to  replace  the  irregular  trace  of  the  waves. 
This  representation  implies  that  the  spectrum  of 
the  wave  amplitude  is  concentrated  at  a single 
value  of  the  frequency,  Fig.  1.3.  It  also  implies 
that  the  wave  record  repeats  itself  ever}'  r seconds 
an-d  that  the  wave  amplitude  is  constant. 

if  tlic  representation  of  the  wave  amplitude 
given  by  equation  (1.6)  is  compared  to  the  actual 
wave  record,  the  two  being  so  adjusted  that  coin- 
CHieiice  is  obtained  for  / = 0,  the  follc-wing  fea- 
tures become  evident : 

(a)  Although  the  two  records  arc  in  apparent 
ph-ase  av  i 6,  Sey  soon  are  out  of  phase. 

(b)  The  huig.'ts  of  the  two  wave  records  will 
rarely  coinri'-'  About  five-sixths  of  the  time  the 
actual  wave  heights  will  be  found  to  be  lower  than 
the  significant  height  of  the  periodic  wave  sv  siein 
used  in  the  representation. 

Since  by  this  representation  the  actual  w-ave 
record  is  replaced  by  a purely  periodic  fum-lion 
with  one  discrete  spectral  component,  there  are 
only  tv.’G  parameters  that  can  be  chosen.  These 
two  parameters  do  not  describe  adequately  the 
actaal  wave  record  as  a function  of  time 


^ = f-„;  COS  (o)/  -|-  e)  (1.6) 


I 


i, 

I 


, -T*, 
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I'lii.  12.  Acti’ai.  Wave  Rrci)KI> 


r (t)  = r ( t + T ) 


ia 

I‘n;.  l.;j.  -I’ERionic  Wave  System  with  an-  Ampi.iTvKb  Component  at  a Sinc-.i.k  Spectrai.  Freqi'Rncy 


(2)  Periodic  Wave  System  with  Ampliltuie  Com- 
ponents at  Many  Discrete  Spectra!  Frequencies. 
A second  way  to  analyze  the  actual  wave  record 
of  Fig.  1.2  is  to  consider  the  wave  pattern  extend- 
ing from  say  / = 0 to  / = .'i  and  assume  that  this 
pattern  repeats  itself  exactly  every  /i  seconds. 
If  then  the  particular  pattern  is  analyzed  by  a 
Fourier  series  the  following  representation  is  ob- 
tained ; 

rit)  ^ y;  r„  cos 

==  ii)  fn  cos  {u„t  + *,)  (1  .6) 

* " I 


The  discrete  spectral  wave  periods  which  deter- 
mine the  wave  components  of  the  .scries  are  found 
by  dividing  the  period  of  rejjelitioii  I'l  by  the  nat- 
ural series  of  integers.  A frequency  spectrum 
for  this  representation  is  indicated  in  Fig.  1.4. 

If  the  actual  wave  record  were  to  be  expanded 
in  a Fourier  series  the  following  features  would  be 
noted : 

(a)  The  lower  harmonics  would  all  be  negligible. 
The  number  of  such  negligible  hurmonics  would 
depend  on  the  duration  of  the  record  chosen  /i. 
Since  the  amplitude  of  a harmonic  component 
docs  not  ordinarily  become  appreci.ahle  until 
its  period  is  less  than  some  2o  seconds,  the  num- 
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N 


= ^ COS  ( + € „) 


n«l 

i 


r{t)  = r(t+t,) 


u> 
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her  of  negligible  coniixiiients  would  be  given  a))- 
proxiniately  by  n = 

(b)  The  Itarnionics  of  niaxiniuni  amplitude 
would  eorrespoiid  to  those  hviving  :>  jx-riod  some- 
what greater  than  that  of  the  signifieant  waves  in 
the  group. 

(e)  Tho.se  higher  luirnionies  whose  jieriod  is 
less  than  some  three  seeonds  wimld  also  be  neg- 
ligible. 

(d)  The  values  of  the  r„'s  would  be  highly 
erratie  and  rapidly  varj’ing  for  sueeessive  values 
of  n,  see  Kiee  [hS], 

Thus,  if  h were  eliosen  to  be  100  seeonds,  the 
first  four  harmonies  and  all  harmonies  above 
perhaps  the  thirtieth  would  be  negleeted.  If  fi 
were  ehosen  to  be  20  minutes,  then  the.  hannonies 
would  not  beeome  appreeiable  until  approxi- 
mately the  fiftieth  term  and  they  would  not  eease 
to  be  signifieant  until  perhaps  the  four  hundredth 
term. 

The  work  of  obtaining  a Fourier  expansion 
would  be  extremely  tedious  and  would  bring  but 
meager  rewards,  for  the  results  would  not  be  too 
amenable  to  th.  oretieal  work.  But  sueh  an  ex 
jiansion  would  serve  to  bring  out  one  faet,  namely, 
that  intervals  of  dine  of  low  wave  height  in  the 
reeord  are  caused  essentially  by  the  i)hase  ean- 
cellation  of  a large  number  of  harmonic  com- 


ponents of  low  amplitude  whereas  intervals  of 
time  of  large  wave  height  result  from  the  phase 
reinforcement  of  the  same  harmonic  components. 

The  Fourier  expansion  discussed  would  be  a 
true  representation  of  the  actual  wave  record  for 
0 < / < h,  but  would  fail  to  represent  the  same 
record  bevond  this  period,  i.e.,  for  t < 0 and  for 
t > tu  because  the  mathematical  model  would  re- 
peat itself  periodically  over  intervals  of  length 
b.' 

(3)  Aperiodic  1I  g:''>:  System  Having  a Continu- 
ous Amplitude  Spectrum  Representation  by  the 
Fourier  Integra!  Theorem.  third  possible  way 
to  analyze  an  actual  vzave  record  is  by  application 
of  the  Fourier  Integral  Theorem.  To  this  end 
the  wave  record  extending  from  / = 0 to  / = /-  is 
divided  into  a number  of  regions  (0  < i < /i). 
(ti  < t < ti)  . . . (/„_!  < I < i„)  and  the  wave  record 
is  separately  defined  in  each  region.  Each  sep- 
arate definition  is  valid  only  within  the  boundaries 
of  the  region  wherein  it  applies  and  'dentically 
Zero  outside  thereof. 

r{f)  = riifO  + ri(/  - b)  + 

. . . r„-,(y  - Cl.?) 

i Of  ctutrsc  ihis  statement  does  not  hold  for  all  possible  mathe- 
matical models  having  a tliscrete  spectrum.  A series  having  spectral 
cf»m|K*'tcnts  at  irraiional  values  of  the  frequency  does  not  repeat 
Itself.-  Sec  11.  Bohr.  ■■  Almost  I’criodic  ^'unctions.”  Chelsea  Publish 
:ng  Ca>.,  New  Vorlc. 
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is' 
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In  the  region  (/,</<  /jfi),  where  0 < p < n — !, 
the  Fourier  Integral  expansion  is  given  by 

'■p(0  = rtp(u))  cos  ut  (Ju 

+ yji"  f>p(u)  sill  0)/  </ui  (i.N) 

where 

I 

«,(co)  = / rp(/)  cos  a.'/ <//  (1.9a) 

W*  / _ ^ 


/>p(uO  4 


rp(/i  sin  o)/  ill 


(l.nb) 


The  amplitude  of  each  .sp^‘ctral  coiiijionent  of 
the  wave  is  a continuous  function  of  the  frequency 
and  is  given  by  \/rtp-  + ftp*. 

h'or  eaeli  division  of  the  wave  record  the  spec- 
tral representation  is  continuous  as  indicated  in 
Fig.  1.5  and  from  this  representation  the  relative 


importance  of  any  part  of  the  spectrum  is  mani- 
fest. 

In  this  manner  r(t)  can  be  made  to  repre!>eni 
the  actual  wave  record  over  any  length  of  time 
chosen  for  analysis  and  this  representation  would 
he  exact  for  the  interval  analyzed.  It  would  fail, 
’lowever,  for  time  outside  the  interval  in  which  the 
analysis  was  performed,  since  the  record  would 
either  have  to  be  defined  as  identically  equal  to 
zero  or  would  remain  unknown. 

One  disadvantage  of  this  method  is  that  there 
is  no  known  precise  procedure  by  which,  starting 
with  a wave  record,  it  is  possible  to  determine  the 
appropriate  flpfo;)  and  /cfo)).  Nevertheless,  such 
a procedure  is  theoretically  possible.  The  P'ourier 
Integral  method  would  be  a convenient  one  for 
studying  problems  in  transient  response.  It  does 
not,  however,  lend  itself  to  problems  of  the  sea- 
way because  of  the  extremely  long  duration  of  the 
rec»)rds  to  be  analyzed. 


r(t)  « r^d)  + r,  ( t -tj) +...  r„(t-t„) 

^ • n m 

i’p(t)  =1  ap(6»)  coswt  dQ-hl  bp(«  ) sinwtdu 

V ^ p to  o 

ap{cj)  = rp(t)coS6jidt 


i-iu.  1.5.  — Aperiodic  Wave  System  Having  a Cii.ntinuous  Ampi.iiuix!  Spectrum 
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(4)  Aperiodic  Wave  System  Having  a Continu- 
ous I'.nergy  Spectrum — RepresenitiH''"  b\  the 
t’-neroy  Tfitfara!  fnr  jiff  Gaussian  Case.  A!!  the 
niathcttiatical  models  described  above  prove 
inadequate  to  represent  in  a praetical  manner  a 
wave  record  whose  basic  feature  is  its  in"gu- 
larity.  It  follows  that  what  is  needed  is  a 
description  of  the  wave  state  at  n j>oint  which  will 
be  realistie  and  readily  handled  in  the  problems  to 
whieh  it  is  applied,  no  matter  how  great  the  com- 
plexity of  the  sea.  Such  a fourth  representation  is 
provided  in  the  form  of  the  energ>’  integral  for  the 
Gaussian  case. 

For  additional  details  on  this  integral  which  is 
employed  in  theoretical  statistics,  the  interested 
reader  is  referred  to  the  previously  quoted  works 
by  Tukey,  by  Tnkey  and  Hamming,  by  Rice 
and  by  Wiener.  .Additional  references  by  Levy’ 
and  by  Cramer  may  also  be  listed  [.S]  [5].  These 
sources  are  not  exhaustive.  They  do  contain, 
however,  an  eximsition  of  methods  which  can  be 
used  directly  in  wave  analysis  and  a wealth  of 
information  on  the  statistical  properties  of  the 
representation. 

According  to  this  representation  the  wave  .state 
at  a fixed  ixiint  is  given  by 

•"(t)  = Jo"  cos  (o)/  + f(a))|  • \/lr(a))p  r/o)  (I.IO) 

The  integial  of  this  equation  is  not  an  integral 
in  the  ordinary  sense:  It  cannot  be  integrated 
fonnally.  It  represents  siiiqjly  a mathematical 
abstraction  which,  however,  can  be  ajqjroxiinated 
to  any  degree  of  accuracy  by  a partial  sum.  Hut 
before  discussing  this  approximation  it  is  neces- 
sary' first  to  introduce  the  concepts  of  "energy' 
spectrum,"  "cumulative  energy  density"  and 
“random  phase.” 

(a)  linergy  Spectrum.  This  is  rejiresented  by 
the  symbol  [r(u))]-  in  equation  (1.10).  It  is 
shown  as  a squared  function  of  a;  to  indicate  that 
it  is  everywhere  positive,  ft  is  used  only  as  a 
sejuared  quantity  and  has  the  dimensions  of  a 

squared  length  multi])lied  by  time.  It  is  not  to 

— 

■ i V.  |ji  II  Ko  viiv  wiivi: 

record  as  a lunetion  of  time.  It  measures  the 
average  squared  value  of  the  wave  anqilitude  asso- 
eiated  with  a particular  frequency  <d.  It  is  ob- 
vious, therefore,  that  the  energy  spectrum  differs 
with  the  condition  of  the  sea.  The  term  energy 
spectrmn  is  used  because  of  the  intimate  connec- 
tion of  [r(a))]^  with  the  average  potential  energy 
of  the  waves  on  the  surface  of  the  sea. 

(b)  Cumulative  Energy  Density.  The  integral 
over  o)  of  the  energy'  spectrum  yields  a bounded 
value  having  the  dimensions  of  a length  squared 


fo“  \r{w)\^  dw  A R{u)  (1.11) 

This  value,  known  as  the  “cumulative  energy' 
density,”  measures  that  part  of  the  averaged 
square  value  of  r(/)  which  is  contributed  by  those 
spectral  frequencies  less  than  or  equal  to  w.  The 
cumulative  energy  density  for  the  full  spectral 
range 

7?.  “ |-{ui)l=  ^ (1.12) 

may  be  used  as  a convenient  parameter  to  de- 
scribe the  sea  state. 

(c)  Random  Phase.  In  equation  (1.10)  this  is 
represented  by'  the  symbol  t(a>).  It  is  a so- 
ealled  imint  set  function  whose  values  are  random 
and  equally  probable  for  any  value  of  between 
0 and  2jr.  In  coinimting  the  integral  of  equation 
(1.10)  t(to)  is  to  be  assigned  values  at  certain  given 
frequencies  in  accordance  with  the  equation 

p |0  < f(to)  < 2iraj  ~ a (I.I8) 

which  is  to  be  read  ns  follows;  The  probability 
that  f(ti))  will  lie  between  the  values  of  zero  and 
2x0  is  equal  to  a.  Here  u ranges  from  zero  to 
one.  Hence  all  phases  are  equally  probable. 
-Also  all  phases  are  indejjendent. 

The  random  phase  is  nowhere  continuous  and 
cannot  be  graphed.  Nevertheless,  it  does  not 
lack  definition. 

The  integration  of  equatioii  (1.10)  is  not  a sim- 
ple process  because  of  liie  infinite  number  of  dis- 
continnities  iiitrod’.iceri  by  the  randomly  chosen 
phase  angles. 

The  integral  of  expression  (1.10)  is  obtained  as 
the  limit  of  a sum  in  the  following  manner; 

(a)  Divide  the  range  of  integration  (u>  axis)  by 
a series  of  arbitrarily'  spaced  points:  0,  u-,,  . . . 
u>„  . . . 0)2,,  forming  a one-dimensional  net. 

(b)  Obtain  [r(u))]"  for  all  alternate  (odd-mim 
bered)  points  2«  -|-  1. 

(c)  Obtain  interv’al  (tiJ;,,  ,2  — ti>j.,). 

(d)  Calculate  '\/[>"((i)j„+i) J- • ((i):„+2  — <i>.>„). 

(e)  Select  e(w)  at  random  for  each  a)2„+i,  ob- 
taining f(a);. .,)  and  calculate  cos  [<.)«.,,/  -I- 

‘(iii:n+i)J-  The  random  selection  of  e(a))  is  to 
be  made  in  accordance  with  equation  (l.l.'l). 

(f)  Form  the  partial  sum 

Ci»5  |uJ2,,4l  t -|“  + .)]• 

»f=i0  

V [r(W2n+l)  ]■  (i*)2n+2  ~ 

The  limit  of  this  sum  as  the  interx'al  (ti.'2„.,2  — 
<!);,)  of  the  net  approaches  zero  and  as  the  range 
wj,  approaches  infinity  is  the  wave  record  r(t),  i.e., 
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rUi  — Liiii  cos  + »(a)2„,.i)|  • •\/(r(a)j,4,|)  ]-  (0)2,42  — co2„) 

-*  " >>  = H 

= ^)‘”cos[a)/  + t(a))l  \/[r(a))  1^  r/o;  (1.14) 


In  actual  application  the  iiitcr\’al  can  be  made 
constant  and  small  but  finite,  and  the  range  can 
be  made  large  but  also  finite.  net  can  always 
be  made  of  so  small  a mesh  that  the  partial  sum 
becomes  indistinguishable,  in  a practical  sense, 
from  the  actual  wave  record  it  approximates. 
The  wave  state  at  a point  is  thus  written 


I 

r(l)  ^ X!  t + »(o>>„4i)j- 

li  - 0 

r (o»2n+2  — <«>2„)  (1.15) 

This  partial  sum  obviously  depends  on  the  se- 
quence ill  which  the  values  for  the  random  phase 
are  chosen  by  the  probability  law  given  above. 
With  a fixed  energy  spectrum  a whoie  fiass  of 
fuH  lions  r{t)  still  res 'ills.  Several  questions  natu 
rally  arise,  to  wit:  What  properties  do  all 
these  functions  have  in  common?  .\re  the  com- 
mon properties  sufficient  to  allow  for  a quantita- 
tive analysis?  And  if  a part  of  one  function  of 
■his  class  be  given,  how  can  the  energy  spectrum 
[r(a))]-  be  found?  The  first  two  questions  will 
be  answered  iunncuialcly  below.  The  answer  to 
the  third  will  be  delayed  until  the  problem  of  rep- 
resenting the  waves  over  an  extent  of  sea  has 
been  considered. 

All  these  questions  can  be  answered  only  in  n 
statistical  sense.  Nevertheless,  this  representa- 
tion provides  the  only  means  to  describe  realisti- 
caUy  the  actual  surface  of  the  sea. 

Because  the  phase  t(a))  is  chosen  at  random,  the 
first  property  of  the  given  representation  of  the 
wave  state  as  a function  of  time  at  a fixed  point  is 
that  points  picked  from  a record  thereof  arc  dis 
tributed  according  to  the  Gaussian  (or  normal) 
probabilitv  law  as  shown  bv  Rice  and  Levy  (IS), 
(S). 


p[ki  < '{ti)  < ^2] 


(1.16) 


This  expression  is  to  be  read  as  follow's : The  prob- 
ability that  at  a time  t\,  chosen  at  random,  the 
ordinate  of  the  sea  surface  at  a fixed  point  will 
be  between  ^1  and  is  given  by  the  integral 
of  the  normal  probability  distribution  from  k\  to 
ki.-’ 


’’  Itciuation  is  r s’cry  elementary  statement  of  the  C^aussian 

property  of  the  record.  In  a more  refined  analysis  it  could  be  shown 
that  the  values,  >(b),  r(/j),  r(/»)  . . . r{tp)  from  such  u recorii  are  dis- 
tributed according  to  a multivariate  normal  !:>w  with  p variables 
and  that  the  correlation  between  r(i;)  and  r(/J-)  depeinls  on  the  dif- 
fc.-cr.c-e,  tj  — tk.  The  correlation  is  given  liy  the  value  of  the  (n<w- 
mahzed)  KUto  correlation  function  of  r{t)  as  given  by  rn 
moflification  of  equation  (5.2)  with  h ecinal  »o  the  absolute  value, 
1/.  - /*l. 


The  second  property  of  such  a representation  is 
that  the  wave  record  never  repeats  itself. 

This  second  property  is  one  of  the  most  impor- 
tant attributes  of  ocean  waves,  V’et,  with  the 
exception  of  the  representation  b-ased  on  the 
Fourier  Integral  Theorem,  none  of  the  other 
mathematical  models  exhibit  this  property.  The 
Fourier  Integral  representation  does  so,  but  in  an 
abstract  sense.  To  obtain  the  functions  in- 
volved, however,  is  not  a practical  problem. 
Nevertheless,  on  the  basis  that  points  taken  from 
a wave  record  have  a Gaussian  distribution,  a 
statistical  approach  becomes  feasible,  and  clumsi- 
ness is  replaced  by  elegance. 

The  energy  integral  representation  of  the  wave 
record  lasts  forever.  Its  statistical  properties 
never  change.  Some  part  of  some  one  of  the  limit 
funciiuiis  represented  by  equation  (1.14)  will  be 
an  exact  duplicate  of  a given  record.  This  mathe- 
matical model,  moreover,  still  represents  in  a sta- 
tistical sense  the  wave  record  for  times  both  be- 
fore and  alter  the  duration  of  the  record. 

Equation  (1.1!)  is  capable  of  representing  the 
conditions  of  the  seaway  for  many  hours  if  tlie 
winds  remain  constant  in  velocity  over  a large 
area  for  a long  time.  The  statistical  properties  of 
the  record  are  completely  described  by  the  energy 
spectrum  and,  by  considering  the  nature  of  all 
possible  such  rcccrds,  the  scope  of  the  investiga- 
tion of  a particular  record  is  broadened  im- 
mensely. 

Whether  points  taken  from  a record  of  sea  waves 
actually  do  follow  a Gaussian  distribution  can  be 
immediately  ascertained  from  wave  records.  The 
method  of  verification  (Chi-Square  test)  will  not 
be  discussed  here.  It  may  suffice  to  state  that 
extensive  analysis  of  wave  records  taken  at  sea 
and  along  the  coast  indicates  that  the  Gaussian 
distribution  is  closely  apptoached  except  for  very 
high  waves  for  which  the  non-linear  effects  be- 
come important.  Yet,  even  in  this  case,  the  ap- 
proximation obtained  on  the  assumption  that  the 
points  of  a record  follow  a Cianssian  distribution 
at  pr  .‘Sent  leads  further  than  any  other  known  ap- 
proach. 

Th'^;  (laussian  propierty  of  v/avc  records  was 
first  shown  by  Rudnick  [19].  It  has  been  verified 
by  many  other  obser\'ations  since  then  as  indi- 
cated by  Pierson  and  Marks  [14]. 

The  departure  of  actual  wave  records  from  the 
Gaussian  case  can  be  explained  on  the  basis  of  the 
actual  non-linearity  of  the  sea  surface.  This  -..on- 


.MOTIONS  OF  SHIPS  IN  CONFUSED  SEAS 


291 


\ 


» 

( 

[ 

f 

I 

» 


i 

f 

I 

I 

•I 

» 

i: 


linearity  is  discussed  by  Lamb  [7]  p.  417  et  seq. 
Because  of  it,  crests  arc  higher  and  troughs  arc 
shallower  than  in  the  hypothetical  surface  de- 
scribed by  the  C'laussian  case. 

The  observation  naturally  arises  as  to  whether 
the  assumption  of  C.aussiuii  ilisiiibutioii  will 
constitute  a serious  hitidrance  to  the  analysis  of 
actual  wave  records  and  ship  motions  which  will 
be  non-Gaussian  to  a lesser  or  greater  extent. 
The  belief  is  expressed  that  it  will  not.  Because 
the  wave  sj’stetns  are  non-linear  in  their  high- 
hequency  coiiq>o!!ents,  to  which  a vessel  is  less 
responsive,  this  assumption  should  be  even  less 
serious  in  the  application  to  ship  motions.  In  any 
case,  there  is  at  best  only  a remote  iKissibility  of 
obtaining  at  present  a practical  non-linear  (and 
consequently  non  (laussian)  solution  to  the  rep- 
resentation of  a seaway.  It  may  be  remarked 
incidentally  that  even  a non  Gaussian  distribu- 
tion for  the  linear  case  involves  great  theoretical 
difficulties  for  little,  if  any,  added  realism,  Ex- 
tensive application  of  this  method  strengthens  the 
belief  that  the  most  general  and  realistic  way  to 
represent  the  surface  of  the  sea  at  a fixed  ix)int  is 
given  by  the  Gaussian  case  of  the  energy 
integral. 

Upon  comparing  the  simplest  representation  of 
the  seaway,  equation  (1.*)),  and  the  most  realistic, 
equation  (I.tO"),  the  followiiig  diffcrc.iccs  arc 
noted ; 

(a)  The  single  periodic  wave  systetn  of  finite 
amplitude  r,„  is  replaced  by  the  integral  of  an  in- 
finite number  (in  actual  application,  by  the  sum 
of  a large  number)  of  wave  systems  of  varying  fre- 
quency, o),  and  of  infinitesinia.l  (in  actual  applica- 
tion of  very  small)  amplitude  given  by 
■\/ [r{ij)]-du  or  in  actual  application,  by 


V^[^(‘*>j,+i)]‘(u>2n+2  — Urjn). 

(b)  The  constant  phase  lag,  e,  of  the  single 
|n:riodiC  wave  system  is  replaced  by  an  infinity^ 
(in  actual  application  by  a large  number)  of  phase 
lags,  «(a)),  each  chosen  at  random  and  applied  to 
one  of  the  infiiiitesiinally  (in  actual  application, 
diminutively)  high  wave  systems. 

Given  a wa’.'e  record  as  a function  of  time,  an 
estimate  of  the  energy  spectrum,  [r(a))]-,  can  be 
fouiui  by  the  numerical  methods  given  by  Tukey 
and  by  Tukey  and  Hamming.  An  application 
of  these  n.ethods  to  the  analysis  of  ocean  waves 
has  been  made  in  the  previously  quoted  paper  by 
Pierson  and  Marks.  The  procedure  to  be  used 
will  be  outlined  iii  the  last  section  of  this  paper. 

Kkprksknt.xtion  of  the  Skaw.w  Over  an 
.\rea  - Fixed  .Syste..!  of  Coordinates 

Up  to  this  iwint  one  has  been  concerned  with 
obtaining  a realistic  representation  of  the  rise  and 
fall  of  tile  sea  at  the  origin  of  a fixed  coordinate 
system.  \’o  sense  of  wave  direction  was  involved. 
The  last  given  representation  of  the  sea  state  is 
valid  even  if  the  wave  components  come  simul- 
taneously from  all  four  quadrants  of  the  compass. 

The  original  problem  will  now  be  discussed, 
namely,  that  of  extending  the  description  of  the 
sea  state  to  all  points  of  the  -V- )'  plane.  With- 
out loss  of  generality,  the  problem  is  stated  sym- 
bolically as  follows;  Given  r(0,  U,  I)  find  a repre- 
sentation for  r(A',  /). 

(1)  Long  Crested  Hht'e.r.  So  long  as  consider- 
ation is  restricted  to  infinitely  long-cmsted  waves, 
this  extension  is  simply  accomplished.  Since  the 
direction  of  travel,  x,  is  the  same  for  all  waves,  this 
amounts  to  introducing  the  appropriate  wave 
number,  wVg.  and  rewriting  equation  (1.10) 


(w,  }',/)  = jT' 


4-  1'  sir.  ■)()  — oit  — t(u)) 


• v/(r((.); 


)l=da, 


At  the  origin  this  reduces  t<i  e<[uation  (i.lO). 

The  tenn  involving  the  coordinates  of  any  point 
X,  T is  a constant  for  given  values  of  oi  and  x- 
The  factor  representing  the  variation  with  dis- 
tance can  then  be  absorbed  in  the  random  phase 
e(<a).  With  this  change  equation  (1.17)  becomes 

r{X,  Y,  t)  = J"  cos  -F  ^<(&))  — ^ (AT  cos  x"+  I sin  x)J|-  ' V^['’(‘>>)  I' 


This  expression  can  also  be  represented  as  a 
partial  sum  taken  over  the  same  net  as  lor  equa- 
tion (!.15). 

r{X,  Y,  1)  = 2 cos  -joiin+i/  -f-  «(u>-„+i)  — \x  cosx  -|-  Esin  xl?  V ir((02„+,))^ 

«-o  < g ' 


(1.17) 


(I.IS) 


— wj,) 
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An  important  conclusion  can  now  be  brought 
out.  For  any  fixed  values  f)f  A'  and  T,  say  Ai  and 
j’l,  it  is  always  jwssible  to  add  (or  subtract)  an 
integral  number  of  2ir’s  to  the  random  phase 

^ [Aicosxd-  liSitixj. 

In  this  manner  a new  random  phase  is  obtained 
satisfying  the  e(}uation 

0 g e(aM,,i)  — j.V,  cos  X + I'l  .sin  xl 

4-  2jrA'  = e’((».'j,+i)  ^ 2»-.  (1.20) 

This  new  random  phase  will  be  distributed  ac- 
cording to  the  same  probability  law  that  governs 


the  distribution  of  the  original  «(a)i„+i).  Conse- 
quently, is  another  poiiit  set  function 

like  tvt02,+i).  A Caussian  distribution  at  the 
origin  is,  therefore,  reproduced  as  a Gaussian 
distribution  over  the  extended  surface  of  the  sea. 
The  result  is  that  the  energy  spectrum  is  the  same 
at  any  fixed  point  A'l,  Fi.  In  a statistical  sense, 
then,  the  sea  surface  has  the  same  properties  at 
all  points. 

(2)  Short-Crested  IFotie-v.  The  extension  to 
short-crested  waves  is  carried  out  by  the  simple 
superposition  of  long-crested  systems  differing 
in  direction  of  travel  x-  With  x introduced  as  a 
variable,  eciuation  (l.l,*)  becomes 


r( 


A',  r,  t)  = ^ cos  (.V  cos  X + F sin  xl  — — tW,  x)J  ' 'V^l''(‘^,  x)  P ^X  (1-^1) 


and  the  representation  by  a partial  sum  is  now 

II  « ^ 


nt  f>  » " <I  f- 

r{.V,  y,  t)  = XI  X cos  xj 

l«  B 0 rt  sr  0 1. 


(4»-’2..  ul"  I • si 

|)  - ^ (.\  C0S  X>.O  + 1 Sill  X2-..,i)J 

V [r(uJ3„  + ,,  XJm*.l)l‘  {c*?2nf2  Wjn)  (X2mf2  X2m  ) (1.22) 


The  iutegral  of  expression  (1.17)  is  obtained  as 
the  limit  of  a sum  as  follows: 

(a)  Divide  the  range  of  integration  (u  — x 
polar  coordinate  plane)  by  a net  formed  by  divid- 
ing the  mo<lulus  by  a series  of  arbitrarily  spaced 
points;  0,  wi,  oij  . . . a):„  and  the  argument  by  a 
series  of  arbitrarily  spaced  angles  — ir,  Xi>  X2  • • • ir. 

(b)  Obtain  [r(a,',  x)]'  foe  i'll  alternate  points 


(2n  -b  l,2w  + 1). 

(c)  Obtain  the  element  (a;>„+;  — (x2m+2  — 

X2m ) ■ 

(d)  Calculate 

V^[''(‘»2,  + l,  X’«fl)j‘  (a>2,f2  — U)-.,)  (X2m-l-2  — X2in). 

(c)  x)  random  for  each  point 

(Wr^+i,  X2n.i.|)  obtaining  f(a)2,-n.  X2„.+i)  and  cal- 
culate 


cos 


<^n-^l 


I + ((oj.;,.,-!,  X2-.t  l)  ~ 


(W2nfl)‘ 


{X  COSX2-.-I-I  + 


I'sin 


X2 


In  the  random  selection  of  t(a',  x)  the  same  law- 
holds  as  expressed  in  equation  (1.1 3)  except  that 
now  e is  a function  of  both  w and  x- 
(f)  Form  the  parti-al  sum 


PI  r 

X X cos  ! u 

m =*  0 « = 0 L 


— ^ ^ ^.A  cos  X-m  + l “T"  ^ Sin 


.. 


J_ 

V^lr(u>2„  + I,  X2m  + :)  !'  (t'>2n4-2 


— (X2ni+2  — X2r7.) 


Then  the  limit  of  the  partial  sum  given  by  equa- 
tion (1.22)  as  012,-12  and  p approach  infinity,  and 
as  (t.’2„+2  — 0)2,)  approaches  zero  is  the  definition 
of  the  integml  given  by  equation  (1.2 1 ). 

According  to  this  representation  the  seaway  is 
made  up  of  an  infinite  number  (in  actual  practice, 
of  a large  number)  of  wave  systems  varying  both 
in  frequency  oi  and  in  direction  of  travel  %■  These 
systems  are  of  infinitesimal  (in  actual  practice,  of 
very  small)  amplitude  given  by  \/ [r(o),  x)P  dwdx 


or,  in  actual  application,  by 

'N/[r{o;2n+l,  X2m+l)]'  (o)2,+2  — 0)2„)  {xim+2  — Xtm) 

and  each  wave  system  has  a corresponding  phase 
lag  t(o),  x).  in  actual  application  «(o)2,+i,  X2-.-n), 
chosen  at  random. 

The  representation  of  the  short-crested  seaway 
as  a function  of  space  and  time  reduces  to  the  rep- 
re.sentation  of  the  seaway  as  a function  of  lime 
given  by  equation  (1.10)  whenever  the  height  of 


i 
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the  waves  is  observed  at  a fixed  point.  The  energy 
spectrinn  as  a function  of  oi  and  x is  i elated  to  the 
energy  spectrum  as  a function  of  u;  alone  by  the 
relation 

= J_\  lr(u.  x)  1^  </x  (I.2:P 

A prwf  of  this  statement  is  outli’.icd  as  follows: 
Consider  a partial  sum  as  giveii  by  equation  (1.22) 
with  >”  quite  large  and  consif’er  also  a summation 
over  ni  for  a fixed  value  of  «.  Since  all  terms  liave 
the  same  fretiuency,  their  sum  is  equal  to  one 
simple  sine  wave  whose  fretiuenc}’  is  the  same  as 
that  of  the  terms  and  whose  amplitude  is  deter- 
mined by  the  separate  amplitudes  and  random 
phases  of  all  tlie  tvrnis  in  the  sum.  This  ampli- 
tude cat!  be  shown  to  have  a value  picked  at  ran- 
dom from  the  probability  distribution  function 
which  is  given  bj’ 

= f -ilk  (1.241 

where  /S-i  > 0 and 

Af?  = XJ’-’  fl.  lr(a,.  x)lD/x  (1.23) 
*•1 

The  result  is  that  if  r(/)  is  now  summed  over  n it 
can  be  represented  schematically  by 

<D 

r(t)  = 2 oos  la)2,^i/  + (1  ‘id) 

« -0 

If  the  mesh  of  the  net  is  made  small  it  can  be 
shown  that  over  any  small  finite  range  of  a,  say 
from  (1)2,  to  (i>2,+2i$  the  sum  of  the  squares  of  the 
amplitudes  in  equation  (1.26)  can  be  made  neg- 
ligibly different  from  the  area  under  the  frequency 
spectrum  over  the  same  range  of  u.  This  is 
stated  as  follows 

Lini  X)  (flJn-t-i)'  = [r(a))]V<j  (1.27) 

where  the  difference  (c')2,,+:,-  — uj,)  is  kept  con- 
stant as  j approaches  infinity. 

The  fact  that  wav'e  records  taken  at  different 
points  all  have  the  same  theoretical  frequency 
spectrum  is  a property  of  the  short-crested  Gaus- 
sian sea  surface.  Such  a property  is  not  exhibited 
by  any  short-crested  model  of  the  sea  surface 
which  consists  of  only  a finite  sum  of  sine  waves. 

Propert.es  of  the  Seaway 

Representation  of  the  seaway  by  this  extended 
form  of  the  energy  integral  succeeds  in 
bringing  out  certain  of  its  projjerties  which,  al- 
though observed  in  nature,  arc  not  exhibited  by 
other  mathematical  models.  However,  even  this 


representation  fails  to  indicate  properties  which 
are  derivable  from  the  non-linear  features  of  the 
original  boundary  condition  for  the  free  surface. 
The  following  properties  of  the  seaway,  then, 
are  indicated  by  the  mathematical  model  ad- 
vanced herein : 

(a)  The  waves  of  the  sea  are  short  crested  -in 
nature  waves  are  always  short  crested.  It  is  a 
matter  of  common  observation  that  it  is  not  pos- 
sible to  fcllov.'  a given  crest  very  fai  on  the  sur- 
face of  the  ocean  in  a direction  along  the  crests. 

(b)  The  sea  surface  is  irregular  and  never  re- 
peats itself  this  is  the  most  characteristic  feature 
of  the  sea. 

(c)  Wave  crest  forms  are  not  conservative  and 
as  they  travel  along  they  tend  to  disapirear.  It 
is  commonly  observed  that  new  crests  are  con- 
tinuously formed  and  existing  crests  continuously 
destroyed. 

In  addition  to  these  aspects,  the  mathematical 
tiioflel  of  this  tc:\t  explains  the  basic  difference  be- 
tween a sea  and  a swell.  The  energy  spectrum  of 
a sea  covers  a wide  range  of  significant  values  of 
(1)  and  X-  The  range  of  u corresponds  to  periods 
extending  from  1 to  30  seconds  and  the  range  of  x 
is  in  excess  of  ir/'2.  .\n  example  of  the  energy 

spectrum  for  a sea  is  given  in  Fig.  1 .6.  .-Vs  against 
this,  the  energy  spectrum  of  a swell  covers  only 


\ 

\ 


\ 

Fig.  1.6. — E.>jergy  Spectrum  pop  a Sea  (Ideai.ized) 
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narrow  ranges  of  u;  and  x>  the  latter  often  sina.Iler 
than  10  degrees.  An  e.-tainple  of  an  energy  spec- 
trum for  a swell  is  given  in  I'ig.  1.7.  The  wave 
systems  niakii’.g  ujj  a swell  'save  all  ssearly  the 
same  direction  and  the  same  frecinencies.  In  con- 
trast to  a SCSI  which  is  silwsiys  siiort  crested  and 
irregular,  a .swell  is  fairly  long  crested  and  ex- 
hibits SI  visible  pattern.  The  crests  of  a swell 
can  be  observed  to  travel  farther  before  they  too 
die  down  and  other  crests  form. 

li  sippcars  to  be  a tciisible  conciusion,  therefore, 
that  the  representation  of  the  sea  snrfsicc  by 
tl'c  energy  integrssl  for  the  Gaussian  case  pro- 
vides the  most  satisfactory  msith.ematical  mcKlel  for 
describing  the  sea. 

The  Spectru.m  of  the  Si;.\w.\y 
There  arc  two  procedures  for  deteiiiiining  the 
spectrum  of  the  seaway. 

The  firet  procedure  rcciiiires  the  simultaneous 
recording  of  (a)  the  height  of  the  surface  as  a 
function  of  time  at  a fixed  point,  and  (b)  the 
wave  pattcni  from  si  considerable  altitude.  The 
fonner  requires  wave  recorders  that  will  give  re- 
liable results  in  the  open  sea.  The  latter  confsists 
in  taking  stereo-photographs  by  plane.  Based 
upon  the  availability  uf  such  data,  the  technique 
to  be  followed  to  obtain  the  energy  spectrum  of 
the  seaway  has  been  discussed  by  Marks  [llj. 
The  energy  spectrum  as  a function  of  wave  fre- 
quency alone  is  not  sufficient  to  ilcscribe  the  sea- 
way completely. 


It  should  be  noted  that  the  work  of  numerical 
analysis  by  this  procedure  requires  an  exorbi- 
tant ■ nouiit  of  time  unless  electronic  computers 
ate  available.  This  procedure  is  being  pursued  at 
present  by  the  Woods  Hole  Oceanographic  Insti- 
tution. 

The  second  priK’edure  is  to  derive  theoretically 
the  spectrum  of  the  .seaway  for  certain  idealized 
wind  conditions.  This  work  has  been  carried  out 
by  Neumann  [12].  His  theoretical  spectrum 
exhibits  many  observed  wave  properties.  Never- 
• h'.  U'SS,  it  s'ill  iv'cdo  to  be  verified  by  obsers’ations 
as  described  above. 

The  Neninann  siiectrum,  Fig.  l.S,  applies  to  the 
state  of  the  sea  at  a fixed  jioitit  and  is  a function 
of  the  wave  frecincncy  alone.  It  is  applied  to  the 
state  of  the  sea  over  an  area  by  introducing  an 
an - le  Xr  measured  from  the  wind  direction. 

1^  e--<’  ' ‘"’cos- 

a> 

0 otherwise 

The  constant  c = 3.05  X 10'  cm-  scc“^  or 
32.!>  ft-  sec”‘  and  L'  is  the  wind  velocity  in 
cni/scc  or  ft/sec  deitending  on  the  units  of  g. 
The  angle  Xir  is  needed  to  explain  the  short  crested- 
iiess  oi  the  sea  surface,  its  variation  as  the  square 
of  the  cosine  is  based  on  theoretical  results  and 
observations  by  .Arthur  [1]. 


Fig.  1.8. — Ncuman.n  Spectrum  ok  Wave  E .-ergy  for 
Huu.y  .Arisen  Sea  at  Wind  Speeds  of  20.  30  and  40 
Knots 


Note  the  displacement  of  the  optimum  band  (maximum  of  spec 
tral  energy)  from  hijjhrr  ♦?>  lo-er  frcHuCScics  with  meteKsinK  wind 
speed. 
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Taple  1.2. — Minimum  Fetch  and  Minimum 
Duration  Needed  to  Generate  a Fui.i.y 
Developed  Ska  for  V'arious  Wind  Velocities 

( r is  in  knots,  h'm  is  in  iiniiticiil  miles  and  /*  is  in 


hours) 
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Such  a spectrum  is  obtained  only  if  the  wind 
has  blown  a siillieientlv  loiij;  time  over  a great 
enough  fetch,  the  time  and  fetch  reipiired  to  de- 
velop this  spectrum  being  functions  of  the  wind 
velocity,  see  Table  1.2.  From  this  table  it  is 
possible  to  conclude  that  conditions  in  nature  will 
usually  permit  the  waves  of  the  sea  to  attain  their 
fully  (leveloiied  state  for  winds  up  to  .'>2  knots  and 
perhaps  of  somewhat  greater  veh.'cities.  But 
the  long  durations  and  boundless  fetches  neces- 
sary for  waves  to  attain  their  fully  developed 
state  uuclei  the  action  of  strong  winds  are  seldom 
obtained  in  nature.  To  illustrate,  a fully  de- 
veloped sea  would  result  if  a wind  of  52  knots 
blew  for  <S0  liours  over  a fetch  of  l.SOO  nautical 
miles.  Such  conditions  are  not  cc.imnon. 

If  the  sea  is  in  a fully  developed  state  the  in- 
tegration of  e(|uation  (1 .2.S)  results  in  a formula  for 
the  cumulative  energy  density,  R,  which  is  jiro- 
Ijurtional  to  tlie  fifth  power  of  the  wind  velocity. 

Rim-)  = ().(i22  (m/sec) 

R{h-)  = 0.2 12  ^ (knots)  ( 1 .29) 


envelope  of  the  record  of  the  Sea  surface  at  a fixed 
ix>int  will  be  less  than  M is  given  by  the  integral 
from  zero  to  M of  the  target  distribiifiot'. 

For  a seaw.'iy  of  narrow  spectrum  the  envelope 
and  the  wave  amplitudes  approach  each  other 
uiul  they  can  be  used  intirchangcably.  How- 
ever, the  spectrum  of  the  seaway  is  not  generally 
narrow.  Yet  even  in  this  case  such  a distribution 
can  be  used  as  a basis  of  approximating  the  aver- 
age wave  height.  This  average  wave  height 
(crest  to  trough)  results  from  the  first  moment 
about  the  origin  of  the  distribution  and  is  given  by 

Ii  = \.77VR  (1.21) 

A wave  height  parameter  frequently  used  is  the 
significant  height.  This  is  defined  to  be  the 
average  height  of  the  one-third  highest  waves. 
This  can  be  obtained  also  from  the  above  prob- 
ability distribution  by  considering  only  that  por- 
•ion  of  the  area  under  the  high  end  of  the  prob- 
ability distribution  function  which  is  equal  to  one- 
third  of  the  total  area.  The  resulting  significant 
height  is 

Jh-,  = -I.kWR  (1.22) 

Similarly  the  average  height  of  iue  one-tenth 
highest  waves  to  pass  a given  point  of  obserx^ation 
can  be  found.  This  amounts  to 

/i.  ,,  = 2.(50 v"/?  (1.3.2) 

'The  frequency  at  which  the  spectnmi  is  a maxi- 
mum is  obtained  by  differentiating  equation  (1 .28) 
and  is 


According  to  the  results  of  Rice,  the  envelope 
of  the  wave  state  at  a point,  equation  (1 : 10)  has 
a distribution,  known  in  statistics  ns  the  target  or 
chi  distribution,  given  by 

/'[O  < /•(/,)  < M]=  f e-*’  (1.20) 

Jo 

where  E{t)  is  the  envelope  of  the  wave  record, 
Fig.  1.9.  The  expression  is  read  as  follows;  The 
probabiiily  that  at  a time  q ehuseii  at  raiidoui,  the 


Since  the  wave  velocity  = g/to  some  interesting 
results  follow; 

(a)  The  spectral  freciuencies  at  which  most  of 
the  energy  is  concentrated  are  of  rather  low  val- 
ues. 

(b)  The  speed  of  the  dominant  wave  component 
is  1.22  times  that  of  the  wind  that  generated  the 
seaway. 

(c)  Those  wave  components  carrying  the  ino.st 
energy  travel  with  a phase  velocity  faster  than 
the  generating  wind. 
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As  the  frequency  is  decreased  from  that  at 
which  the  spectrum  attains  its  maximuni  value, 
the  energy  present  rapidly  falls  off  to  very  small 
values.  The  slope  of  the  sjiectrum  is  a maximum 
at  a frequency  known  as  the  cut-off  frequency. 
This  is  given  by 


Ur 


V— 

Ilf)  + Vo” 


V 


l.()8U 


(1.35) 


Thus  the  ratio  of  wave-crest  speed  to  wind  speed 
is  still  not  equal  to  two  when  the  spc''trum  is 
falling  off  extremely  rapidly.  In  fact,  there  is 
practically  no  energy  at  all  in  the  storm-generated 
seaway  which  is  assoeiated  with  spectral  fre- 
quencies whose  ^roiip  vcIgci  ty  (equal  to  oiie-half 
wave  crest  velocity)  exceeds  that  of  the  velocity 
of  the  W'ind  in  the  generating  area. 

A seaway  is  often  defined  by  an  average  wave 
period  or  frequency.  The  average  wave  period  i? 
defined  as  twice  the  average  time  interval  between 
successive  zeros  in  a wave  record.  The  average 
wave  frequency  is  the  reciprocal  thereof.  The 
procedure  for  obtaining  such  average  values  was 
given  by  Rice.  When  applied  to  the  Neumann 
spectrum  the  average  frequency  obtained,  is  equal 
to 


u 


c (i.smr 


(t.3t!) 


This  average  frequency  is  seen  to  be  much 
larger  than  the  dominant  spectral  frequency 
u)„.  Conse(|Utntiy,  the  average  time  iiitcr\-al 
between  the  crests  as  observed  in  a fully  devel- 
oped seaway  at  a fixed  point  by  stop  watch  will 
give  an  average  period  which  is  too  small  and 
which  will  not  reflect  the  part  of  the  sp)ectrum 
at  which  most  of  the  energy  is  concentrated. 

This  is  not  too  difficult  to  explain  intuitively. 
It  is  evident  that  more  waves  with  a five-second 
period  can  pass  a given  point  during  a given  time 


of  observation  than  can  waves  with  a ten  second 
period.  The  average  thus  tends  to  be  lower  due 
th?  placed  uj>on  the  shorter 

periods. 

As  soon  as  the  waves  spread  out  from  the  area 
in  which  they  were  generated  the  frequencies  dis- 
perse. Waves  are  then  observed  to  pass  a point 
at  a distance  from  the  generating  area  according 
to  an  ascending  order  of  wave  frequency,  since 
their  group  velocity  is  given  by  g/2u.  Thus  tlie 
current  belief  that  the  swell  increases  in  period  as 
it  travels  away  from  the  storm  is  explained  theo- 
retically. The  highest  swell  is  observed  to  have 
the  period  associated  with 

The  foregoing  has  an  imp>ortant  consequence  in 
the  study  of  ship  motions.  If  an  average  stop- 
watch period  is  used  to  replace  a spectrum,  mis- 
leading results  can  be  obtained  because  the  ob- 
served period  would  be  too  low  to  explain  the  be- 
havior of  the  ship.  This  would  be  especially  seri- 
ous if  the  ship's  resuiumt  frequency  corresponded 
to  and  not  to  di.  It  can  be  concluded  that  the 
oiily  way  in  which  to  explain  correctly  ship  mo- 
tions is  to  relate  them  to  the  properties  of  the  wave 
energy  sj)octruni. 

The  spectrum  discussed  abo'/e  corresponded  to 
a fully  develojH-d  si'a.  When  the  wind  begins 
to  blow  over  a calm  stretch  of  water,  waves  begin 
to  form  .ind  to  grow  in  height  with  time.  As 
shown  by  Neumann,  the  spectrum  develops  from 
the  high  frequency  end.  For  any  given  duration 
and  fetch,  the  wave  spectnun  is  a portion  of  the 
fully  developed  spcctru'.ii.  It  has  the  property 
that  all  frequencies  less  than  a certain  value  are 
simply  missing.  The  lowest  existing  frequency 
is  a predictable  function  of  fetch  and  wind  ve- 
locity and  duration.  It  is  therefore  jxissible  to 
obtain  theoretically  a first  approximation  to  the 
spectrum  of  the  seaway  at  any  jxiint  and  at  any 
time.  The  jiroccdure  to  be  followed  is  given  by 
Pierson,  Neumann  and  James  [15]. 
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THE  RESPONSE  AMPLITUDE  OPERATORS 


The  response  aniulitude  operators  are  func- 
tions which  yield  the  amplitude  of  the  oscillatory 
resjxjnse  of  a vessel  along  or  about  one  of  her 
principal  axes  when  she  is  in  a regular  seaway  of 
unit  amplitude.  There  is  thus  a separate  re- 
sponse amplitude  oirerator  for  each  degree  of  free- 
dom. 

Not  all  the  oscillatory  motions  of  a ship  will 
be  considered  in  this  paper.  Attention  will  be 
restricted  to  he;,ve,  pitch  and  roll,  these  being 
the  most  important  oscillations  to  which  a ship  is 
subjected.  Fortunately,  these  oscillations  are  also 
somewhat  amenable  to  mathematical  treatment. 
In  contrast  to  surge,  sway  and  yaw,  these  motions 
are  of  a pure  oscillatory  nature  because  of  the 
ever-presence  of  a hydrostatic  restoring  force  when 
the  vessel  is  disturbed  from  her  position  of  equilib- 
rium. 

In  what  follows,  the  assumption  is  made  that 
surge,  sway  and  yaw  are  negligible. 

The  response  amplitude  operat<>:s  can  be  ob- 
tained either  theoretically  or  exjxjrinientally. 
Empirical  formulations  of  reasonable  accuracy 
for  most  engineering  applications  can  be  de- 
veloped by  application  of  either  method.  The 
basis  of  both  the  theoretical  and  the  experimental 
methods  will  now  be  briefly  discussed. 

Theory 

It  is  convenient  to  recall,  for  ease  of  discussion, 
the  essential  features  of  an  analj'tic  solution  of  the 
differential  equation  defining  those  ship  motions 
considered  herein.  Such  a solution  for  a vessel 
operating  in  a regular  sea  has  been  considered 
two  previous  papers  [24]  [20].  Because  the 
analytic  solution  rests  upon  several  powerful 
assumptions  or  restrictions  and  because  these 
act  to  limit  the  applicability  of  the  results  of  this 
paper  also,  they  will  be  briefly  stated  here. 

(a)  Restriction  of  the  theory  to  vessels  of  the 
displacement  type.  All  other  tyjjes  of  vessels, 
such  as  planing  and  hydrofoil  craft,  for  which  the 
sustention  is  developied  dynamically,  are  ex- 
cluded. 

(b)  Acceptance  of  the  Froude-Krylov  hypothe- 
sis (the  waves  act  on  the  ship,  but  the  ship  does 
not  act  on  the  waves).  This  results  in  the  neglect 
of  all  dynamic  effects  except  those  inherent  in  the 
structure  of  the  free  waves  themselves.  The 
seriousness  of  this  assumption  is  as  yet  undeter- 


mined. It  is  evident,  however,  that  its  severity 
increases  with  a vessel’s  fullness  (or,  better, 
bluntness)  of  form. 

(c)  Restriction  to  uncoupled  motions.  Cross- 
coupling between  heave,  pitch  and  roll  is  as- 
sumed not  to  exist.  Thus  these  motions  are  con- 
sidered to  be  entirely  independent  of  each  other. 
The  effect  of  this  restriction  is  to  limit  the  appli- 
cability of  the  thee  y only  to  vessels  whose  water- 
planes  are  quasi-syinmetric  fore  and  aft. 

(d)  Restriction  to  linear  aspects.  The  response 
is  assunied  to  be  a linear  function  of  the  exiting, 
restoring,  damping  and  inertia  forces.  The  ef- 
fect of  this  restriction  is : 


(1)  To  limit  consideration  to  wall-.sided  ves- 
sels, th*.is  disregarding  the  effect  of  transverse 
curvature  (flare,  tumble-home,  etc.). 

(2)  To  assume  that  damping  arises  sole'y 
from  wave  generation.  The  error  introduced 
thereby  is  small  in  heave  and  pitch.  In  roll, 
however,  the  largest  component  of  damping 
arises  from  eddy-making  (bilge-keels)  and  does 
not  follow  a linear  law. 

(3)  To  assume  that  the  virtual  mass  and 
moment  of  inertia  of  a vessel  are  unaffected  by 
speed  of  advance  and  frequency  of  oscillation. 

As  outlined  in  the  Appendix,  the  differential 
equation  of  motion  derived  on  the  basis  of  these 
?.3.vdmptions  and  restrictions  is  of  the  oscillato.'y 
type.  In  its  simplest  reduced  form  it  is  \vritten  as 


dt^  ^ ’ dt 


(w** 


t)  (2.i) 


corresponding  to  equations  (113)  and  (193)  of 
reference  [20].  Here  s represents  the  response, 
i.e.,  a motion,  either  heave  (r),  pitch  (^)  or  roll 
(v>),  2/t,  represents  a damping  factor  and  v,  is  the 
natural  undamped  frequency  of  oscillation  of  the 
vessel.  The  excitation,  y),  is  a complex  expression 
involving  both  the  wave  characteristics  and  the 
form  of  the  vessel.  When  the  right-hand  term  is 
given  as  a convenient  and  simple  periodic  function 
of  time,  the  following  steady-state  solutions  ob- 
tain for  the  motions  considered. 

5(0  = (O,^  - O (2.2) 


Here  the  subscript  s denotes  that  the  terms  to 
which  applied  are  to  be  evaluated  for  a particular 
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motion.  The  subscript  becomes  z for  heave,  ‘p  for 
roll  and  ^ for  pitch.  E,  is  a force  factor  of  com- 
plex expression  which,  like/,,  depends  on  the  form 
of  the  vessel  and  the  wave  characteristics,  n, 
is  a magnification  factor  defined  below.  is 
the  surface  wave  amplitude.  «,  is  a phase  lag 
dependent  upon  the  form  of  the  vessel  and  her 
damping  characteristics. 

The  magnification  factor  is  defined  as 


— w,')-  -f 

T^here  (A,),,  the  elfeclive  tuning  ratio  = u,/p,. 

Fora  surface  wave  amplitude  of  unity  (r„  = 1) 
the  amplitude  of  the  response  is  defined  as  the 
resfwnse  amplitude  operator. 

A,  ^ Ern.  (2.4) 

Theoretical  expressions  for  the  response  ampli- 
tude operators  in  heave  (A,),  pitch  (.4*)  and  roll 
(A^)  are  derived  in  the  Apfjendix. 

These  operators  are  obtained  as  the  product 
of  two  component  factors:  a force  factor,  E„  and 
a magnification  factor,  n,.  For  a given  vessel 
the  force  factors  are  basically  functions  of  the 
length  of  waves  in  which  the  vessel  herself 
and  of  the  wave  heading  relative  to  the  ship.  Be- 
cause of  the  interrelation  between  wave  fre- 
quency and  wave  length,  the  former  is  substituted 
for  the  latter  and  the  force  factor  is  simply  wnuen 
as  a function  of  the  natural  wave  frequency  and 
wave  heading,  £,(u,  x)-  The  force  factor  is  thus 
related  to  the  relative  coord:  Tiatc  systf’ni. 

For  a given  vessel  the  magnification  factor  de- 
pends solely  on  the  frequency  of  wave  encounter, 
o)„  and  may  be  written  as  The  magnifica- 

tion factor  is  consequently  related  to  the  vessel’s 
coordinate  system. 

It  is  obviously  inconvenient  to  work  with  a 
function  made  up  of  two  factors,  one  of  which  iS 
related  to  a fixed,  the  other  to  a moving,  system 
of  coordinates.  Therefore,  it  is  first  of  all  neces- 
sary that  both  factors  be  expressed  in  terms  of  the 
coordinates  of  a same  system.  The  relative  co- 
ordinate system  is  chosen  for  this  purjxjse.  This 
choice  makes  for  an  inconvenience  in  expressing 
but  this  inconvenience  is  appreciably  less 
than  that  due  to  the  clumsiness  attendant,  in  sub- 
sequent derivations  upon  expressing  E,  in  terms  of 
a>,. 

Thus,  the  response  amplitude  operators  will 
first  be  written  in  terms  of  w,  x and  v,  the  ship’s 
velocity. 

To  the  end  of  relating  the  magnification  factor 


to  the  relative  coordinate  system,  it  is  necessary 
to  introduce  the  frequency  of  wave  encounter. 
This  is  obtained  by  substituting  in  the  expression 
u = g/c  obtained  from  equation  (1.2)  the  relative 
wave  celerity  in  lieu  of  the  absolute.  Since  the 
component  of  ship’s  velocity  in  direction  of  wave 
travel  is  v cos  x,  the  relative  wave  celerity  is 
c — V cos  X — f ( 1 ~ where 

* V cos  X 

a = 

c 

Then 

Cl  \ 

Ui,  = a>(l  — or)  = oj  — — V cos  x 

g 

and 

(A,).  = (1  - a).\, 

where  .V,  = u/v,  is  now  based  on  the  wave  fre- 
quency instead  of  on  the  frequency  of  encounter. 
The  magnification  factor  is  then  written  as 


’ V[\  - (1  - + (1  - a) VA.,’ 

Its  well-known  propt.-rties  are  illustrated  in  Fig. 

2.1. 

With  this  expression  for  the  magnification  fac- 
tor, the  amplitude  respon.se  operators  are  written 
with  reference  to  a coordinate  system  fixed  in 
space.  It  now  becomes  necessary  to  relate  them 
to  the  moving  vessel.  This  transformation  will  be 
discussed  in  the  section  on  the  frequency  map- 
ping. 


(2.5) 

(2.6) 

(2.7) 


Experimeni 

The  cxjieriniental  is  an  alternative  approach  to 
the  theoretical  for  obtaining  the  response  ampli- 
tude operators.  Should  this  be  the  only  informa- 
tion desired,  the  experimentation  is  relatively 
simple:  It  consists  in  running  a model  at  various 
speeds  in  a train  of  uniform  waves  while  simul- 
taneous recordings  »re  made  of  the  motions  and 
wave  profiles.  The  response  amplitude  oper- 
ators are  obtained  directly  by  relating  the  ampli- 
tude of  each  motion  to  the  wave  amplitude.  The 
experimentation  is  carried  out  over  a wide  range 
of  wave  frequencies  and  directions  for  each  model 
speed  of  interest. 

Up  to  the  present  it  has  been  possible  to  obtain 
response  amplitude  op'‘rators  only  for  severely  re- 
stricted conditions.  In  heave  and  pitch  the  condi- 
tions of  experimentation  have  been  liniitcci  to 
head  and  following  seas;  in  roll,  to  beam  seas  and 
zero  speed  of  advance.  This  obviously  unsatis- 
factory situation  is  being  remedied  at  present 
through  the  setting  up  of  a facility  st  the  Colo- 
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rado  Agricultural  and  Mechanical  College  that 
will  permit  ex|>erimentation  in  oblujue  seas. 

If  in  addition  to  the  response  amplitude  oper- 
ators it  is  desired  to  obtain  information  on  the 
inertia  and  damping  coefficients,  on  the  force 
and  magnification  factors  and  on  the  validity  of 
the  assumptions  underlying  the  basic  theory, 
then  the  above  simple  tests  in  waves  must  be 
supplemented  by  more  elaborate  tests  in  which 
the  model  is  simultaneously  towed  in  calm  water 
and  acted  upon  by  forces  imposed  by  an  oscillator. 

In  order  to  connect  theory  and  exper  mentiition, 
a brief  outline  will  be  given  of  the  principles  in- 
volved. 

Heave.  Consider  first  the  heaving  motion. 
The  experimental  set-up  for  this  case  is  illus- 


trated in  Fig  2.2.  The  oscillator  in  this  case 
consists  of  a motor  acting  through  an  eccentric, 
a shaft  and  the  sensing  element  of  a dynamometer 
to  impose  ujxm  the  model  at  its  center  of  gravity 
a sinusoidally  varying  force  equal  to  F,  cos  wjt. 
The  model  is  towed  in  calm  water.  The  equation 
of  the  oscillatory  muiiuii  of  the  sysleiu  is  given  by 

M I ^5  + A^.  -f  R^z  = cos  (2.9) 

where 

.1/,  = the  virtual  mass  of  the  system 
A’,  = a coefficient  of  linear  damping 
R,  = the  restoration  coefficient 
F,  — the  amplitude  of  the  excitation 
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For  a fuller  exposition  of  these  temis  the  reader 
is  referred  to  the  Appendix. 

The  following  is  known  of  the  factois  of  the 
equation : 

it),  is  eontrolled  and  therefore  known. 

F,  eos  ijJ  and  z{t)  are  reeonled. 

5,,  the  phase  lag  between  exeiting  force  aiul  re- 
sponse is  detennined  from  the  reeord. 

R,  is  a known  funetion  of  the  model's  geometry. 

Rz  = I where  A is  the  waterpiane  area. 
M,  and  A-,  are  to  be  derived. 

If  sean  be  written  as 

z = eos  (w,t  — 6,)  (2.10) 

a matter  that  ean  be  readily  verified,  M,  and  N, 
are  immediately  derived  as  funetions  of  u, 

(r,  - — eos  (2.11) 

\ Zm  / 

-V.(w«)  = ' (2.12) 

The  inertia  and  dimensionless  damping  eoefli- 
cients  in  heave  are  readily  obtained  from  these 
equations.  The  first  is 

kzM  = (2.13) 

pv 

and  the  seeond 


k,M  = (2.14) 

MiV, 

The  natural  frequeney  of  hea'-e,  v„  is  obtained  by 
removing  the  e.xeitation  and  allowing  the  model 
to  oscillate  freely  after  being  disturbed  from  the 
position  of  equilibrium. 

If  now  the  model  is  removed  fiom  tlie  oscillator 
and  towed  in  a wave  train,  the  equation  of  the 
system’s  osclllaiory  motion  becomes 

M.  + .V,  H R,z=^  F,  eos  (co./  - r,) 

= f,M,  cos  {u>,l  — e,) 

= cos  (u,/  — e,) 

= r,r.R,E,  cos  (w^  — «,)  (2.15) 

since  = R,/M,.  The  pha^'-c  lag  t,  is  introduced 
not  only  by  longitudinal  a<”.  ••nmet»y  of  form  but 
also  by  dynamic  effects  which  are  not  accounted 
for  in  the  theory  based  upwn  the  Froude-Krylov 
hypothesis.  It  therefore  can  be  written  as  the 
sum  of  two  compxments  t,  = (ei)^  + (€2)^.  The 
first  comjxjnent  can  be  calculated.  It  has  the 
expiression 

(ei),  = arctg  (2.16) 

Of 

where  G,“  and  G,'  are,  respiectively,  the  antisym- 
metric and  the  syimnetric  exciting  functions. 
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They  are  given  by  equations  (a-90)  and  (a-93)  in 
the  Appendix.  For  a longitudinally  symmetric 
mode!  (cOi  is  zero.  The  second  component, 
can  be  obtained  only  experimentally.  This 
is  done  in  the  manner  indicated  below. 

If  the  solution  to  equation  (2.1.^)  is  as,sumed  to 
be  of  the  form 

2 = 2„  COS  (o)^  — — i,)  (2.17) 

the  force  factor  E,  and  the  phase  lag  5,  are  readily 
derived  as  functions  of  oi. 


£,(w,) 

and 


R,rr 


V(R.  - WM,)-  + (2. IS) 


«,(a!,)  = 'irctg 


R,  - 


(2.10) 


The  phase  lag  («.  + 6,)  is  the  time  increment  from 
the  instant  the  crest  of  a wave  goes  by  the  section 
at  the  center  of  mass  to  the  instant  of  maximum 
heave.  It  can  be  obtained  from  synchronized 
heave  and  photographic  records.  Thus  with 
(*,  6,)  known  and  calculated  by  the  foregoing 

expression,  is  derived  as  a function  of  w«. 

Pitch.  The  procedure  for  obtaining  the  cor- 
responding data  in  pitch  follows  along  parallel 
lines.  The  calm  water  experiments  are  carried 
out  with  the  model  free  to  rotate  about  a trans- 
verse axis  through  the  center  of  gravity.  The 
oscillator  is  made  to  apply  the  .sinusoidally  vaiy- 
ing  force  Fj,  at  a distance  Xf  fonvard  (or  aft)  of  this 
center.  The  applied  moment  is  now 

.]/*  sin  ii!ft 

where  = F4.X/  and  the  equation  of  motion  of 
the  system  becomes 

h ~ ^ = .1/*  sin  wj  (2.20) 


/ ^ -1^*  sin  &J, 

N^,  (ut)  - (2.22) 

The  force  factor  and  phase  lag  obtained  from  the 
tests  in  waves  are  then  expressed  as  a function  of 
w.by 

(w.)  = \/(R*  - + W 

(2.23) 

M = arctg  (2.24) 

it;  — 

Roll.  The  hydrodynamic  coefficients  and  the 
force  factor  and  phase  lag  in  roll  are  obtained  in 
a manner  almost  identical  to  that  for  pitch.  In 
the  calm  water  experiments  the  model  is  free  to 
rotate  about  a longitudinal  axis  through  the 
center  of  gravity.  The  sinusoidally  varying  force 
F„  is  now  applied  at  a distance  Y/  from  the 
centerline  and  in  a transverse  plane  through  the 
center  of  gravity.  The  applied  moment  now 
equaling  sin  uj  where  M.^  = Y/,  the 

equation  of  motion  of  the  system  is  written 

^dt  ^ ~ (2.25) 


Again  following  the  same  assumption  as  for  heave 
and  pitch  the  virtual  mass  and  damping  coeffi- 
cients are  given  by 


/,  (wj  = A (a 

UI,-  \ 

AV(«.)  = 


f> 

Mf  sin  5, 

w,ip 


^ ^ ...... 

cos  d,)  (2.2b) 


(2.27) 


The  tests  at  zero  sp)eed  in  waves  coraing  from 
abeam  result  in  force  factors  and  phase  lags  ex- 
pressible as 


On  the  basis  of  an  assumption  as  to  the  motion 
simiia;  to  that  for  heave,  the  virtual  mass  and 
damping  coetTicient  are  given  a function  of  w,  by 

h (O  = A ( --  cos  (2.21) 

\ 'P  / 


/iv,(a,v)  = 


y/ {R^>  — Ur'I.fi)'  "b  u>,-.Vo- 


t2.2S) 


6,(0.,)  = arctg  p 


Rip  ..jf~!ip 


(2.21) 


(2.20) 
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THE  FREQURNCV  MAPPING 


The  previous  section  was  a discussion  of  the  seaway, 
caiplitudes  of  the  ship’s  responses  to  a regular  The  vessel  responds  to  the  seaway  with  the 
seaway  of  unit  amplitude.  The  amplitude  re-  frequency  of  wave  encounter,  co,.  This  is  the 

sponse  operators  were  derived  with  reference  to  wave  frequency  modified  by  the  ship’s  velocity 

the  relative  system  of  coordinates  fixed  in  space  and  is  derived  by  the  transformation  of  coordi- 

and  so  oriented  that  the  positive  direction  of  the  nates  from  the  relative  to  the  vessel’s  system,  see 

abse'''5a  co’-rp<!tyindcd  to  the  ship’s  heading.  Table  1.1.  If  the  seaway  is  described  with  refer- 

In  this  section  a aiscussiun  will  be  given  of  the  fre-  ence  to  the  latter  system,  equation  (1.1)  takes  the 

quency  response  of  the  vessel  to  the  same  regular  following  form. 


r{XiV,t)  = r„  cos  — {Xe  cos  x + I'.siii  x)  —(<«>—  — r cos  x)/  -f  « i (3.1) 

Lk  g J 


and  the  frequenej'  of  encounter,  or  effective  fre- 
quency, is  given  by  the  multiplier  of  t in  this  equa- 
tion. The  wave  length  remains  unaffected  by  the 
change  in  coordinate  system. 

The  pREguENCY  of  Encounter 

It  is  necessary  to  discuss  somewhat  more  fully 
the  frequency  of  encounter 

«» 

We  — o)  — r eos  X (3.2) 

R 

Without  loss  of  generality  in  what  follows  the 
ship  is  assumed  to  have  a positive  forward  ve- 
locity. 

.\s  is  evident  from  the  foregoing  expression, 
the  frequency  of  encounter  depends  on  the  head- 
ing angle.  For  waves  approaching  the  ship  from 
the  bow  (90°  < x < 270°),  this  frequency  is  al- 
ways greater  than  the  wave  frequency.  It  is 
always  less  thereof  for  waves  approaching  from 
the  stem  (0  < X < 90°  and  270°  < x < 360°). 

In  the  latter  ease,  however,  three  distinct 
possibilities  may  arise  depending  on  the  relative 
velocity  of  ship  and  wave;  more  precisely,  on  the 
ratio  a defined  as 

i V eos  X uv  eos  X 
“ ' “ T g— 

where  v eos  x is  the  effective  velocity  of  the  ship, 
namely,  the  component  of  ship  s velocity  in  the 
direction  of  wave  travel.  With  thi.s  notation  the 
frequeney  of  eneounter  becomes  simply* 

CO,  -■  a)(l  — a)  (3.4) 

(a)  If  a < 1,  the  frequency  of  encounter  is  al- 
ways positive  and  the  waves  overtake  and  pass 

* Note  that  this  notation  is  deceptively  .simple  becau.«e  actualty 
a is  a function  of  w.  It  does,  however,  serve  to  keep  the  formulae  iii 
the  text  relatively  concise. 


the  ship  from  astern. 

(b)  If  a = 1,  the  frequency  of  encounter  is 
zero;  henee  the  ship  remains  continuously  in  the 
same  position  relative  to  the  wave  profile. 

(e)  If  cr  > 1,  the  ship  outraees  the  waves  and 
their  crests  actually  appear  to  be  moving  from  the 
ship’s  bow  tnw.ard  her  stem.  In  this  case  co,  is 
negative. 

The  frequeney  of  eneounter  attains  its  maxi- 
mum value  when 

= 1 — “-•t’cosx  = 0 (3.5) 

dio  R 

i.e.,  when 

« = r>  (3.6) 

It  might  be  opportune  to  make  some  remarks 
on  the  sigiiifieanee  of  negative  frequencies.  It 
should  be  observed  that  only  derived  frequencies 
eaii  'oe  negative;  observed  frequeneies  are  always 
positive.  A negative  frequency  related  to  a 
moving  system  indicates  a direction  of  motion  op- 
posite that  observ'cd.  Two  possible  situations 
may  arise  depending  upon  whether  the  frequency 
of  encounter  is  derived  from  the  wave  frequency 
or  vice  versa. 

If  the  seaway  is  known  by  observation,  both  the 
wave  frequeney  and  direction,  co  and  x.  are  known 
directly.  The  first  is  logically  piositive.  The 
frequency  of  er.countcr  is  then  obtained  by  deri- 
vation and  may  result  either  ph'>sitive  or  negative. 
If  negative,  the  apparent  direction  of  wave  propa- 
gation, Xe,  is  oppiosite  the  real,  i.e., 

Xe  X + (3.7) 

If,  on  the  otlior  hand,  the  ship  motions  are 
known  by  observation,  then  it  is  the  frequency  of 
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wave  encounter  that  is  known  directly;  in  this 
case  it  is  always  [wsitive.  The  apparent  direc- 
tion of  wave  progress  is  also  obtained  by  observa- 
tion. The  wave  frequency  is  then  obtained  by 
derivation  and  may  result  either  ixjsitivc  or  nega- 
tive. If  negative,  the  real  direction  of  wave  travel 
is  opposite  the  apparent,  i.e., 

X = Xr  - T (:i.N) 

Thus  in  both  cases  a negative  frequency  (either 
wave  or  encounter)  is  equivalent  to  the  corre- 
sponding positive  frequency  and  a direction  of 
wave  travel  (either  real  or  apparent)  opposite  the 
observed  one.  Symbolically  this  may  be  ex- 
pressed as  follows : 

(,-<*)«  Xr)  ^ Xf  - 

X + ~ (+<-),  X^  (•!■!)) 

.Mathematically  the  foregoing  equivalent  ex- 
pressions may  be  used  interchangeably  provided 
extreme  care  is  taken  in  inten^reting  the  ranges  of 
integration  and  the  signs  of  the  tenns  which  result 
in  subsequent  derivations.  It  is  possible,  how- 
ever, to  achieve  a consistent  system  in  which  all 
freqiiencies  are  positive.  This  will  be  used  herein. 


Reference  is  now  made  to  Fig.  -1.1  which  is  a 
polar  plot  of  equation  (.1.2).  Here  tOe  is  shown  as 
a function  of  u and  x-  The  curv’es  represent  con- 
stant values  of  oi,v/g.  Some  of  the  character- 
istics exhibited  by  this  plot  are  listed  as  follows: 

(a)  is  a single-valued  function  of  to  and  x- 

(b)  The  lines  a = constant  represent  vertical 
ordinates. 

(c)  All  iM)sitivc  values  of  to,  in  terms  of  equa- 
tion (;1.2)  are  to  be  found  to  the  left  of  a = 1 . 

(d)  All  values  of  to,  to  the  right  of  the  vertical 
a = 1 are  negative  in  terms  of  equation  ('1.2)  and 
all  negative  values  of  to,  arc  asymptotic  to  this 
line. 

fe)  The  curv'c  for  to,  = g/4i»  crosses  the  refer- 
ence line  X = 0 o = 2>  becomes  asymp- 
totic to  the  line  o = 1 . .\s  indicated  above,  at  this 

value  of  a the  effective  frequency  is  zero. 

(f)  Fo"  all  positive  values  to,  < g/Av  the  curves 
of  constant  to,  consist  of  two  disconnected 
braiiohes. 

(1)  The  first  branch  is  a closed  loop  around 
the  origin. 

(2)  The  second  branch  is  a bow-shaped  line 
to  the  left  of  tjt  = 1 and  asymptotic  thereto 
for  large  values  of  to. 


Fir..  3.1. — Lines  of  Constant  to,  in  the  u-x  Plank 


Coordinates  and  curves  are  lines  of  coiistant  wa/<  and  wf*r/f.  Thus  to  get  true  values  multiply  the  ftcale  values  by  g/v.  In  this  fig- 
ure, circles  of  constant  u have  the  values,  wr/r  » 0.4,  0.8,  1.2,  1.6  and  2.0.  The  curves  of  constant  are  lor  constant  increments  of 
Awf’Wg  * 0.10.  In  addition,  the  curve,  <afVf g * is  given. 


tt>i  a«i  i<a<i  o<ft<i ft  <0 
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L • 430  teel 

Fig.  3.2. — Schbmatic  iNTBRPRUTATioN  OF  Fig.  3.1 

Kacb  rectangle  is  at  the  same  6aed  place  in  the  Xa — Ya  plane. 


2 See  C'S.IK  T*l.9Sec  C-5.6K  T»343ec  c*l0.3K  T«5.8;>ec  c*!7.5K  T*  5.8  Sec  c»l7.5K 

20.5ft  A*  18.5ft  A •59ft  A"  173ft  A ■173  0 
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(g)  The  ratio  of  ship  velocity,  v,  to  wave  \e- 
locity,  g/oi,  increases  on  going  outwardly  along  a 
radial  line  x ~ constant, 

(h)  If  the  ship  has  a velocity  component  in  the 
direction  of  wave  travel,  cos  x > 0,  co,  equals  zero 
at  the  origin,  attains  a maximum  at  a = ‘s 
zero  again  at  a = 1.  Beyond  this  line  it  becomes 
negative  decreasing  indef  ’itely  with  increasing  uj. 

The  schematic  interpretation  of  Fig.  3.1  is  given 
in  Fig.  3.2.  Four  cases  are  possible; 

(a)  a < 0:  The  waves  approach  the  ship  from 
the  bow  and  w,  is  everywhere  greater  than  a;. 

(b)  0 < a < Th^  waves  approach  the  ship 
from  the  stem  but  they  travel  so  rapidly  that 
01.  is  onlv  sliehtlv  less  than  oi. 

{c)H<  a < 1 : The  waves  still  approach  the 
ship  from  aft,  but  they  travel  so  slowly  com- 
pared to  the  ship  that  oi,  begins  to  decrease  again. 

(d)  a > 1 : The  ship  outraces  the  waves  and 
tlie  waves  appear  to  come  from  a direction  opposite 
to  that  of  their  origin ; oi,  is  negative. 

For  purposes  of  consistency  in  the  derivation 
which  follows,  all  frequencies  will  be  defined  so 
as  to  be  positive.  To  this  end  for  the  region 
of  the  to-x  polar  coordinate  system  where  a > I, 
01,  IS  redefined  by 

^1 

01,  — —01  -h  cos  X (3.10; 

and  X.  by 

X.  = X + ir  (.3.11) 

With  tiv  defined  by  (.3.10)  and  Xt  defined  by 
(3.11)  for  a > 1,  and  with  oi,  defined  by  (3.2)  and 
X.  equal  to  x for  a < 1,  equation  (3.1)  becomes 

riX„  y..  I)  = 

rmcosj^y  (W.cosxt  + r,sinx.^)  — + « J (3.12) 

everywhere  in  the  oi,-Xt  plane. 


The  Inverse  Functions 


Up  to  this  jKiint  u,  has  been  defined  as  a func- 
tion of  01  and  x-  H is  now  necessary  to  obtain 
u as  a function  of  oi,  and  Xi-  The  i.'iversion  is 
made  as  follows; 

If  equation  (3.2)  is  solveH  for  w one  obtains 


01 


1 =>=  Vl  - COS  Xi)/g  ,,J 

{■2vcosx.)/S  ’ 


Primitive 

region 

1 

II 

III 


Range  of  primitive 
region  in  oi-x  plane 
— 00  < a < 

3^  < a < 1 
1 < a < 00 


or* 

r 1 ± \/T  — 

" - L — is. — J "■ 

where  the  solutions  are  valid  for 


(3.14) 


^ cos  X.  ^ 1 /o  ICS 

a,  = < -7  (3.15) 

g 

since  Xt  = X- 

Evidently  oi  is  not  a single-valued  function  of 
oi,  and  X*-  Because  of  the  double  sigpi  before 
the  radical,  two  solutions  are  obtained  on  each 
side  of  the  straight  line 


1 

{2v  cos  x)/g 

which  coi  responds  to  a = 3^. 

For  this  value  of  a 

a,  = w,/2a>  = ^(1  - a)  = I 

Thus  the  two  regions  in  the  ui  — x plane  which 
are  separated  by  the  vertical  at  a = 3^  transform 
into  overlapping  regions  in  the  oi,-x,  plane. 
This  makes  it  expedient  to  treat  these  regions 
separately  when  inverting  them.  To  this  end  two 
priniith'e  and  two  inverted  regions  may  be  out- 
lined as  follows; 


/O  1 


(3.17) 


Range  of  primitive 
region  in 
m-X  plane 

a < }r'2 
a > 


Range  of  corresponding 
inverted  region  in  u>e-x« 
plane 
a,  < Vi 
a,  < Vi 


However,  the  second  primitive  region  can.be 
further  subdivided  depending  upion  whether  oi, 
is  positive  or  negative,  or,  more  consistently,  upon 
'.vhether  o:,  is  defined  by  equation  (3.2)  or  (3.10). 
The  range  of  the  first  subdivision  is  3^  < a < 1 ; 
that  of  the  second,  a > 1.  Thus  ailogeiher  three 
regions  are  obtained  in  the  oi-x  plane  to  which 
three  regions  in  the  u),-x«  plane  will  correspond. 
The  primitive  regions  will  be  referred  to  as  I,  II 
and  III,  the  inverted  regions  as  1-e,  li-e  and  Ill-e. 
The  numeral  defines  the  correspondence  of  each. 
These  are  as  follows; 


* Nott  again  that  this  notation  is  deceptively  simple  since  is  a 
function  of 


Inverted  Range  of  inverted 

region  region  in  oi,-  x,  plane 

I-e  — 00  < a,  < 34 

Il-e  0 < a,  < 34 

II  1-e  — oo  < a,  < 0 
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Table  3.1. — Frequency  Mappings 


' Plane 

o>-X 

Primitive  region 

I 

T T 

11 

III 

Range  of  a 

— 00  < a < 1/2 

< a < 1 

1 < a < 00 

Frequency  of  en- 

counter, 01, 

01,  = u>v  1 — a) 

c 

II 

1 

so.  = — so(l  — a) 

Apparent  wave  head- 

ing, Xr 

Xi  = X 

X.  = X 

X.  = X + »• 

Plane 

to,-  X, 

Inverted  region 

I-e 

II-C 

III-p 

Range  of  a. 

— ot!  < a,  < 

0 < a.  < K 

— so  < O.  < 0 

Wave  frequency,  so 

f 1 - V^l  - 4a.1 

._[l  + V\  - 4a.1 

ri  + Vl-4a.| 

“"L  2a."  r 

L 2a.  J ' 

“ L 2a.  J' 

Wave  heading 

V = V- 

Y = Vj. 

0^ 

II 

1 

4 

Jacobian  of  trans- 

1 

-1 

1 

f formation,  boi/doi. 

v'l  - 4a. 

Vl  - 4a, 

a 

-t 

1 

> 

In  the  above  e*pr^^ion$  a — 


An  outline  of  the  frequency  mappings  for  each 
region  is  given  in  Table  3.1. 

Since  the  solution  for  the  wave  frequency  in  the 
plane  is  not  unique,  it  is  necessary  to  choose  the 
proper  sign  before  the  radical  of  equation  (3.13). 
The  bases  for  effecting  this  choice  are  outlined 
as  follows:  Consider  first  Regions  I and  I-e. 
In  the  primitive  region  the  frequency  of  encounter 
is  of  the  same  sign  as  the  wave  freque^c}^  both 
being  positive.  This  results  from  the  relation 
01,  = a)(l  — a)  and  the  condition  a < This 
equality  of  sign  must  be  preserved  in  the  inverted 
region.  The  expression  in  equation  (3.13)  must 
consequently  result  positive  for  all  possible  values 
of  cos  Xc-  Since  in  this  case  cos  x«  can  be  nega- 
tive, the  expression  will  remain  jxisitivc  only  if 
the  sign  before  the  radical  is  negative.  In  Region 
I-e  therefore 

..  _ \/l  4a,  I /•}  io\ 


Similar  arguments  lead  to  the  relations 


1 + Vl  - 4a,l 

2a.  J 


in  Kegions  ITe  and  to 


r 1 + \/l  — 4a,”l 

■ “ L — si: — J "■ 


in  Region  Ill-e. 


The  Jacobians 

In  order  to  map  the  product  of  the  response 
amplitude  operator  and  the  spectrum  of  the  sea- 
way into  the  w,-Xe  plane  it  will  be  necessary  to 
make  use  of  the  Jacobians  of  the  transformations 
from  the  w-x  to  the  a>,-x«  plane.  For  the  pair  of 
equations  involved  the  Jacobian  is  defined  as 


r / \ 4 x)  A 

Xe/  ^(w„  Xe) 


doi  du! 
dxt 

l^x  ^x  ^ 
idev  dxe' 


and  since  dx/du,  = 0 and  5x/dx,  = 1 the  Jaco- 
bian in  this  case  reduces  to  the  simple  expression 

(3.22) 

\tJe.  Xf/  Ool, 

-Expressions  for  the  Jacobians  in  each  region  are 
given  in  Table  3.1 . 

The  following  expressions  for  the  Jacobians  are 
obtained  in  each  region. 


oi  region 
I to  I-e 


II  to  Il-e 


III  to  Ill-e 


Jacobian 

1 

v'l  - 4a, 

-1 

W-  4a. 
1 

Vl  - 4a. 
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KOiCNSIt  KEGONItt 

X>X^->r  X'Xa 

Fig.  3.4. — The  Onb-to-Onb  Invbrsbs  of  tkb  Transformations  of  thb  Curvbs  in  thb 
w-x  Plane  to  thb  Planb 

Coorrfinatea  and  curve*  arc  ltoe«  of  con*t»t»»  '.%*  "/••  Tiu;  tc  izi  ma,  uiuuipij'  in« 

•cak  valuea  by  g/v.  In  thU  figure,  circlet  of  constant  have  tbe  values.  9/g  « 1,  2,  3,  4,  5 and 
6.  Thc|kurv*t  of  constant  w are  for  constant  incretneou  <^9/t  0.20. 
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Fig.  3. .3. — Lines  of  Constant  w in  the  u>,-xt  Plane 


S«e  explanatory  note  for  Fig.  3.4. 
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Summary 

The  exposition  of  this  section  may  he  summa- 
rized as  follows:  As  a result  of  the  frequency  map- 
ping, the  original  w-x  plane  is  divided  into  three 
regions.  In  each  region,  apart  from  boundary 
lines  there  exists  a unique  inverse  into  the  u,-x, 
plane  and  its  Jacobian  can  be  computed.  Over 
the  whole  oi-x  plane  there  are  always  two  related 
points  mapping  as  a single  psoint  in  the  <ti,-Xi  plane. 


THE  SHIP 

III  the  second  section  of  this  papier  a statistical 
description  of  the  seaway  was  given  in  terms  of 
energy  spectra.  The  third  section  was  a discus- 
sion of  the  respxinse  amplitude  opierators  for  heave, 
pitch  and  roll  in  a regpilar  seaway.  These  were 
each  obtained  as  products  of  a force  and  a magni- 
fication factor.  Both  of  tliese  factors  were  ex- 
pressed as  functions  of  certain  ship  parameters 
and  of  the  wave  frequency,  w,  and  wave  heading, 
X,  referred  to  a fixed  system  of  coordinates  (sys- 
tem c).  The  fourth  section  was  devoted  to  map- 
ping the  frequencies  of  the  ship’s  response  when 
in  a regular  seaway  from  the  fixed  coordinate 
system  to  the  coordinate  system  moving  with  the 
vessel.  In  the  present  section  all  the  foregoing 
development  will  be  combined  to  give  the  re- 
sponse of  a vessel  iu  heave,  pitch  a.nd  roll  to  the 
statistically  described  irregular  seaway  of  the 
second  section.  Exposition  of  the  procedure  will 
be  carried  out  for  the  generalized  motion  s which 
may  be  interpreted  as  being  either  heave,  pitch  or 
roll,  the  steps  being  identical  for  all  motions. 
One  will  begin  by  considering  the  response  to  a 
regular  sea  composed  of  a simple  sine  wave. 

Regular  Seaway 

Consider  a ship  progressing  at  a velocity  r in  a 
simple  sinusoidal  seaway  which  is  charactenzed 
by  an  amplitude,  rj,  a wave  frequency,  ui,  a direc- 
tion relative  to  the  ship's  course,  xu  and  a phase' 
lag  «i.  The  square  of  the  amplitude  of  the  re- 
sponse in  aiiy  motion  s is  given  by 

[s.P  = [r.]--[A.(o,.,  Xi.t<)P  (4.1) 

Q 

ls(<*>,  X.  S')  1’  = Y,  Y k(<^>i+l.  XJn+l)J’  • [•^.(‘*>1,4 

m • 0 » 0 


Or,  inversely,  to  each  point  in  the  <*),-X«  plane  there 
correspond  two  points  in  the  «-x  plane,  apart 
from  boundary  lines.  A complete  consistent 
summary  of  the  frequency  mappings  is  given  in 
Table  3.1 . Fig.  3.1  is  a plot  of  constant  «,  curves 
in  the  u-x  plane.  In  Fig.  3.3  tliese  curves  are  sub- 
divided into  the  three  regions.  In  Fig.  3.4  the  in- 
verses for  each  region  are  shown  (curves  of  con- 
stant <*)  in  the  ui.-x#  plane).  In  Fig.  3.5  these  in- 
verses are  all  combined. 


RESPONSES 

and  the  response  lags  the  excitation  by  a phase 
shift,  t,. 

For  a given  value  of  uii,  xi  and  v there  is  one,  and 
only  one,  value  of  u,  given  by  equation  (3.2).  Let 
this  value  be  (ai,)i.  Then  the  response  cf  the  ship 
to  the  simple  sinusoidal  wave  system  is  given  by 

s(0  = Vlr,]‘- [i4,(an,  xut')!’- 

cos  ((w,)i<  + »i  + (,)  (4.2) 

Confused  Seaway 

Consider  now  a more  complex  seaway  formed 
by  the  sum  of  a number  of  very  low  simple  har- 
monic progressive  waves.  This  seaway  is  repre- 
sented by  the  partial  sum  of  equation  (1.19) 
which  in  the  limit  gives  the  short-crested  Gaus- 
sian sea  surface.  Each  term  of  the  sum  is  treated 
like  the  single  sine  wave  discussed  above.  Since  the 
theory  is  linear,  it  is  assumed  that  the  sum  of  the  re- 
sponses of  a ship  to  a number  of  simple  sine  waves 
is  equal  to  the  response  of  the  ship  to  the  sum  of  the 
%oaves.  This  is  the  fundamental  assumption  of 
the  procedure  expounded  herein.  If  it  is  not 
valid,  then  the  results  derived  in  this  papier  are 
not  valid.  Although  this  assumption  appieirs  jus- 
tifiable at  least  for  average  motions  which  are 
not  too  great,  it  has  not  been  possible  to  :5evelop. 
a rigorous  proof  of  its  validity  within  the  linear 
theory. 

If  in  the  partial  sum  defining  the  seaway  the 
squares  of  the  wave  amplitudes  are  multiplied 
by  the  amplitude  response  opjerators,  the  follow- 
ing equation  results  for  the  svjm  of  the  squares  of 
the  amplitude  of  the  responses. 

XSwi-Ii  *')  ]*  ■ ((‘^n+J  ~ “’n)  — X4»l)] 


(4.3) 
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The  limit  of  this  sum  is  defined  by  a symbol 
R,*  which  is  similar  in  concept  to  the  symbol  R 
defined  by  equation  (1.12).  Thus 

A.*  X)]-  X.  tO  V dx  du> 

(4.4) 

A series  of  readings  from  tl.'e  record  of  the  ship's 
response  will  have  a nomial  distribution.  This 
will  be  the  same  as  given  by  equation  (1.16) 
yfith  R,*  substituted  for  R. 

This  step  may  l>e  extended  to  obtain  the  ship’s 
response  as  a function  of  time  to  the  complex 
seaway  defined  by  equation  (1.19).  The  ex- 


pression, which  will  parallel  equation  (4.2),  is 
obtained  as  follows: 

For  each  term  of  the  sum  in  equ.ation  (4.3)  there 
is  a unique  value  of  to,.  Let  this  value  be  desig- 
nated as  to,  (toa,+i,  XJm+O- 

Due  to  the  random  phases  occurring  in  the 
partial  sum  for  the  seaway,  equation  (1.19),  it  is 
convenient  to  lump  all  the  terms  which  are  in- 
variant with  respect  to  time  into  a new  phase 
lag.  This  may  be  designated  *,’(toj,+i,  xim+i)  and 
its  distribution  will  still  be  in  accordance  with 
equation  (1.13).  The  response  of  the  ship  to 
the  multiple  and  randomly  superposed  sinu- 
soidal wave  system  is  then 


^(0  = S S ■!  ['■(“=.+11  X3"1+|)1'  • U,(‘0j,  + |,  X2»|+I,  f)!*  • [(tOj,,.j  — (02,)  (x2»i+2  — X2m)lV''' 

m *0  fi  -0  \ / 

• cos  [<0,((02,+l,  Xlm+At  + «,’((02,+l,  X»»«+l)l  (4.5) 


This  is  the  final  step  in  uie  derivation.  For  a 
small  enough  net  in  the  <o-  x plane,  equation  (4.5) 
yields  a ship  response  which  is  a function  of  time 
and  which  is  Gaussian.  For  this  net  all  of  the 
terms  in  the  partial  sum  which  are  associated  witli 
a frequency  of  encounter  within  a finite  but  small 
range  can  be  treated  as  if  they  gave  rise  to  a 
single  sinusoidal  term  of  a frequency  correspond- 
ing to  that  obtaining  at  the  center  of  the  range. 
By  arguments  similar  to  tliose  following  equation 
(1.23),  the  response  spectrum  of  the  ship  is  then 
known  as  a function  of  u,.  This  step  can  be  car- 
ried out  more  simply  fijr  the  continuous  spectrum 
as  outlined  below. 

The  SPECTRU.M  of  the  Response 

This  representation,  given  by  equation  (4.5). 
however,  is  as  yet  unsatisfactory.  The  response 
of  a ship  in  one  of  her  degrees  of  freedom  is  purely 
a function  of  time  and  should  be  represented  as 
such.  The  response  should,  consequently,  have 
an  integral  representation  like  that  of  a wave 

['•i(«.  x)j"  M.(«.  X.  *')]•  + ['•ii(<*’.  x)J’  { 


record  when  obtained  as  a function  of  time  at  a 
fixed  point,  equation  (1.10).  To  this  end  the 
energy  spectrum  of  the  response  will  be  derived. 
The  step-by-step  procedure  for  obtaining  the  spec- 
trum is  as  follows: 

(1)  The  energ>'  spectrum  of  the  seaway  referred 
to  the  a>-x  plane  is  divided  into  the  three  parts 
corresponding  to  Regions  I,  II  and  III.  This 
step  is  to  the  end  of  obtaining  unique  inverses 
when  mapping  into  the  a>,-x«  plane.  The  follow- 
ing terms  consequently  are  obtained. 

['■(‘>'.  x)P  i ['i(u'.  x)]’  + kii((«j,  x)]‘ 

+ [••■iii((*.',  x)l*  (4.6) 

where  each  spectrum  is  identically  zero  outside 
the  region  of  its  definition. 

(2)  Each  term  of  the  energy  spectrum  of  the 
seaway  is  multiplied  by  the  square  of  the  response 
amplitude  operator.  The  result  of  this  step  is 
related  to  the  square  of  the  amplitude  of  the 
response  by  virtue  of  equation  (4.4).  This  gives 

i((j,  X.  f)!'  r [f  iii((*>.  x)j’  [^,(<*1.  X.  v)]-  (4.7) 


(3)  Each  primitive  region  in  the  «-x  plane  is 
now  mapped  into  the  correspionding  region  in  the 
“♦-X*  plane.  This  mapping  is  carried  out  sepa- 
i ately  for  each  region  o.s  follows ; 


Region 
I to  I-e 

II  to  Il-e 

III  to  Ill-e 


For  (0  write 


fl  - Vl  - 4a,‘ 

L 2a, 

r 1 -f  VT^  4a,' 

L 2a. 

'-1  - Vl  - 4a,' 

2a, 


w. 


w. 


w. 


For  X write 

X« 


X< 


X.-*" 


**  This  statement  ^as  been  verifted  on  a number  of  different  ship 
motion  records. 
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•> 


I 


t 


I 


The  outcome  is 


/[l  - V'l  - 4«,'l  f . 


1 - Vi  - 


/ 1 — 4«,1  \ 

2«,  J "7_ 


, r f ri  + \/i  -4an  M*  ^ ri  + v'i-4an  m’  /,o 

+ “•>„  ' J “r.  X<  — irJJ  — 1^  Xf—  (4.8; 


'\  - 4a,‘ 

> 

Xe 

i 

+ vn 

-1^71 

2a,  J 

The  foregoing  expression  is  a function  of  aiitl 
V,  such  that  the  value  of  equation  (4.7)  assigned 
to  the  original  point,  uj,  x,.  is  now  transferred  to  a 
ne’v  point,  o),,,  x*,-  The  notation  car.  be  simpli- 
fied by  the  use  of  the  fact  that  as  far  as  the  map- 
ping is  concerned,  equation  (4.8)  is  just  a function 
of  two  variables  and  the  result  is 
["I  r (to,,  X.)]’  Xf)l‘ 

+ ['■li.,(to,,  x«)]'  M«(to„  x«)p 
+ [fiii.t  (tv,,  x<)!'  M«(‘o>.  x^)r (4.!>) 


where  the  functions  arc  defined  in  the  appropriate 
regions  of  the  to,-x«  plane  as  determined  from 
Table  3.1. 

(4)  The  integral  over  to,  and  x«  of  equation 
(4.9)  is,  however,  no  longer  equal  to  R,*.  To 
make  this  integral  attain  the  value  R,*  each  term 
iiiiisl  he  iiiultiplied  by  the  appropriate  Jacobian. 
The  result  is 


('•i  -(to,.  Xt)]~  M«(to,.  X.)]~  _ ['■li-.(to„  X«)P 

\/r-~ra,  v^i 

[rin..  (to„_x<)l'  M„(<o„  x»)l’  . 
V 1 — 4o, 


[/4„(to„  x^)]- 

■ 4 a, 

[^  ..(u),,  X,)]-  — 


[.•ill  Xi')]'  + [■<in.,(to„  x»))’ 


(4.10) 


where  the  definition  of  the  new  symbols  is  evident 
from  the  notation. 

(5)  The  spectrum  of  the  ship's  res|X)nse  is  ob- 
tained by  integration  over  x.  of  equation  (4.10). 
The  sense  of  integration  must  be  carefully  con- 
sidered. It  must  be  always  counterclockwise 
over  the  angular  variables  and  always  toward  in- 
creasing frequencies. 

In  Region  I integration  over  w ranges  from  zero 
to  an  upper  limit  defined  by  a = } 2 (for  cos  x 
positive)  or  by  infinity  (for  cos  x negative).  The 
correspond iiig  limits  in  Region  I-c  arc  from  zero 
to  a,  = *4  or  to  infinity,  respectively.  There- 
fore the  integration  over  both  <0  and  w,  is  in  the 
same  sense  in  both  planes. 

In  Region  II  the  lower  arid  upper  limits  of  « 
are  given  by  a = and  « = 1 for  a fixed  x- 

[s(a),)]=  = Ji.t  [il-.(<v„  X.’)]'  <lXt  + J'u-t  i»ll 
In  this  equation  the  direction  of  integration  is 
always  counterclockwise.  The  limits  of  integra- 
tion may  be  functions  of  a),.  This  will  occur 
when  <0,  > g/4t'.  For  example,  the  integral  over 
Region  I-e  is  expressed  more  completely  as 

j'-.  (si.e  (o),,  Xe,)Y  dx,  Jq  [.?!-,  (u),,  X.-)I’<fXr 
for  o),  < g/Av 

"f“  cos  {j(/4i'w.)  X«)  1 ^X< 

for  CO,  > g/4T» 


These  corres|X)nd,  respectively,  to  lower  and  upper 
limits  for  to,  in  I I-e  given  by  o,  = and  a,  = 0 
for  a fixed  Xr-  The  sense  of  integration  over  co,  in 
H-e  is  now  opixisitc  that  in  11.  The  direction  of 
integnttiop.  over  co,  can,  however,  be  reversed  sim- 
ply by  changing  the  sign  of  the  integrand,  i.e.,  by 
changing  into  positive  the  negative  sign  before  the 
second  term  of  equation  (4.10). 

In  Region  111  the  lower  limit  of  co  is  given  by 
a = 1 for  a fixed  x i>nd  the  upper  limit  is  in- 
finity. These  limits  correspond  to  lower  and  up- 
l>er  limits  in  lll-e  given  by  co,  = 0 and  co,  = -j-  <». 
T’herelore  the  integration  is  in  the  same  sense  in 
both  regions. 

The  spectrum  of  the  ship  response  is  thus  de- 
fined by 

r (co„  xw]'  dx,  -r  Sw-t  (co„  x.)  dx,  (4.11) 

This  equation  shows  that  Rej^on  I-e  is  integrated 
over  the  full  circular  range  of  x»  ff^'  values  of  co, 
which  lie  within  a circle  of  radius  g/4ti.  It  is 
integrated  over  a partial  circle  of  x,  values  other- 
wise, since  the  line,  a,  = is  a boundary  of  the 
region,  and  the  limits  of  integration  are  then 
variable  as  a function  of  co,. 

(6)  Equation  (4.11)  now  permits  the  definition 
of  the  cumulative  density  as 

/?.*(co,)  STS"*  [s(<o,)]’c/co, 
and  of  R*  as 


(4.13) 
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(-4.14) 

This  is  the  same  number  as  given  by  equation 
(4.4). 

Thus  it  is  seen  that  the  product  of  the  energy 
spectrum  of  the  seaway  and  an  amplitude  re- 
sponse operator  gives  the  correct  root-inean- 
square  value  of  the  motion  on  the  basis  that  its 
statistical  parameters  are  detennined  in  terms  of 
the  normal  distribution.  Such  an  operation,  how- 
ever, docs  not  provide  the  correct  shape  of  the 
energy  spectrum  of  the  response  as  a function  of 
0),.  The  correct  distribution  is  obtained  through 


a frequency  ma])ping  which  pieserves  the  value  of 
the  cumulative  energy  density  of  the  response 
/?,*.  For  additional  details  on  the  theory  of 
mappings  the  reader  is  invited  to  read  the  text 
by  Courant,  Vol.  II,  Chapter  III,  Sections  2,  3 
and 4 [4]. 

A remark  may  be  made  on  the  dimensions  of 
the  energy  spectrum  for  the  motions  considered. 
The  energy  spectrum  in  heave  has  the  dimensions 
of  length  squared  tin:e  whereas  the  energy  spectra 
in  pitch  and  roll  have  the  dimensions  time. 


THK  SHIP  MOTIONS 

'■  . . . to  i)ursue  inatlicinatical  analysis  while  at  the  same  time  turning  one’s  back  on  its  ap- 
plications and  on  intuition  is  to  condeiim  it  to  hopeless  atrophy.”  -R.  Courant 


•As  a result  of  the  develop'  lent  in  the  previous 
sections  the  equations  for  the  heaving,  pitching 
and  rolling  motions  of  a ship  can  be  written  as 

z{t)  = -'OS  [mJ  -f-  j’do), 

sin  [co^  -t-  »(«,)] 

v>(0  = So  sin  [<J,/  -h  tfu.',)]  (.0.1) 

The  definition  tf  the  integrals  in  th.ese  equations 
is  the  same  as  that  of  the  integral  of  equation 
(1.14).  It  consequently  follows  that  the  ship 
motions  have  the  same  properties  as  the  wave 
records.  This  conclusion  opens  up  for  applica- 
tion to  the  study  of  ship  motions  mathematical 
developments  obtained  not  only  in  the  field  of  wave 
theory,  as,  e.g.,  the  work  of  Longuet-Higgins, 
to  mention  but  one  researcher,  but  also  in  allied 
fields.  The  procedures  ileveloped  in  electronic 
theory  by  Wiener,  Rice  and  Tukey  and  in  sta- 
tistical theory  by  Doob,  L4vy  and  Cramer,  to 
name  only  a few,  may  be  cited  as  examples. 
Some  oi  the  conclusions  and  properties  applicable 
to  ship  motions  and  derived  from  these  works  are 
briefly  stated  below.  A study  of  these  references 
will  undoubtedly  yield  additional  aspects. 

Numerical  Determination  of  the  Spectrum 

In  developing  the  theory  of  this  paper,  the 
energy  spectrum  of  the  seaway  was  taken  as  the 
point  of  departure  and  tlie  energy  spectrum  of  the 
response  of  a ship  was  derived  through  application 
of  ship  resfxinse  amplitude  operators  and  a fre- 
quency transformation.  This  is  not  the  only 
way  to  obtain  the  response  energy  spectrum.  If 
the  motions  of  the  shin  are  recorded,  their  energy 


spectrum  can  be  obtained  directly.  The  pro- 
cedure rests  upion  the  knowledge  of  the  auto- 
correlation-function for  the  motions  involved. 

The  non-nonnalized  auto-correlation  function 
is  defined  as" 

Q.k/i)  = Liin  “ f -F  h)  di  (5.2) 

where  /„  is  the  duration  of  the  record  analyzed, 
to  is  the  initial  time  of  the  record,  h is  an  incre- 
ment of  time.  The  energy  spectrum  of  a ship's 
response  is  then  given  by  the  Fourier  cosine  trans- 
form of  the  non-normalized  autocorrelation 
function  of  the  response.  Symbolically, 

(s(aij)]-  = ” / QsW  cos  dk  (5.3) 
^ Jo 

These  expressions  imply  two  conditions: 

(a)  That  the  available  record  of  the  motion  is 
infinitely  long; 

(b)  That  the  response  is  “stationary”  in  the 
sense  that  its  fundamental  character  (as  a multi- 
variate C.aussian  distribution)  does  not  change. 

These  conditions  are,  of  course,  not  met  in  na- 
ture. However,  for  the  purposes  of  deducing  the 
cnergr>'  spectrum,  it  is  sufficient  that  the  record 
remain  homogeneous  ordy  for  a reasonable  leng^th 
of  time.  Since  waves  from  a storm  at  sea  change 
their  character  slowly  over  intervals  of  the  order 
of  hours,  this  practical  requirement  is  generally 
fulfilled. 

The  procedure  for  obtaining  the  energy  spec- 

fni#  «»«»♦♦'  ''''rreUtion  function  with  unity  as  the  value  at  Ia({ 
zero  is  found  by  equAtion  (5.2)  by  K**,  since  <?#(0)  as  ds 

fined  above  can  be  shown  to  be  equal  to  R$*. 
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truitt  front  !tn  actual  record  of  finite  ('lutuiton  has 
been  given  by  Tukey  and  by  Tnkcy  and  Haiii- 
nting  [22]  [2.'!].  Their  method  consists  in  re- 
placing the  iiitegrai  of  equation  (5.11)  by  a partial 
sunt,  takes  into  accouiit  the  errors  entering  into  a 
numerical  analysis  of  a record  of  finite  duration 
and  applies  corrections  to  the  “raw''  results. 
The  procedure  applied  to  a ship’s  response  is 
briefly  summarized  as  follows: 

(a)  The  finite  record  of  the  response  is  sub- 
divided into  equally  spaced  intervals,  the  incre- 
ment being  A/  seconds  where  A/  should  be  approxi- 
mately one  half  of  the  smallest  relevant  period  in 
the  spectrum.  Then 

h - to  = k ~ h = . . . t,  - ^ At  (5.4) 

(b)  .At  each  subdivision  the  value  of  response  in 


terms  of  departure  from  tlic  mean  is  tabulated 
forming  the  seqtience 

sih)  . . . sik)  (5.5) 

(c)  The  nen-normalized  auto-correlation  co- 
efl'icients  arc  found  by 

E ^ik+h); 

(h  = 0,  I,  2 ...  m)  (5.6) 

where  m represents  a lag.  There  are  nt  + \ such 
coeflicients  as  Q,{h)  ranges  from  Q,(0)  to 

(d)  The  “raw”  estimates  of  energy  in  the  band 

r(k  - Mi)  . ^r(k+  H) 

^ Af-^ 

are  found  by 


= * r^,(0)  + 2 "e'  Q.(h)  cos  -f  ^("0  cos  irk]:  (i  = 0,  1.  2 . . . m)  (5.7) 

L * = 1 »>  J 


There  arc  again  m 1 such  values. 

(e)  The  “raw"  estimates  arc  now  corrected  for 
the  effect  of  distortions  introduced  by  having 
based  the  computation  on  values  taken  at  dis- 
crete points  of  a finite  record.  The  correction 
process  gives  corrected  energy  coeflicients 

/•,  = 0.2:1  A,_,  + 0.54Lt  + 0.2;1L*h  (5.8) 


where  L.i  = I,\  and 

(f)  .At  the  frequency  = (xk/AI-m)  the  best 
estimate  of  the  value  of  [5(0;,)]’  is  given  by 


UtAt  ■ m 

IT 


(5.0) 


The  reliability  of  the  results  obtained  by  this 
method  depends  on  the  degrees  of  freedom  of  the 
system  defined  by 


f A ” ~ 

^ m/2 


(.5.10) 


The  accuracy  increases  with  the  degrees  of  free- 
dom, as  is  obvious,  for  a high  degree  of  freedom 
implies  a very  long  record  (n)  and  a not  too  high 
resolution  (m) . The  accuracy  is  determined  from 
the  chi-square  distribution  with  / degrees  of  free- 
dom from  which  the  90%  confidence  limits  of 
[i(a!,)]*  can  be  found. 


Short  Range  Prediction 

The  auto  correlation  function  can  be  used  to 
predict  the  response  of  the  ship  in  the  immediate 
future.  The  prediction  is  a least  square  predic- 
tion in  that  the  square  of  the  difl'erence  between 
the  predicted  and  the  observed  motion  is  a mini- 
ir.uni.  The  accuracy  of  the  forecast  for  a given 


time  h ill  the  future  depends  on  the  normalized 
values  of  (?,(/»)  beyond  h.  The  lower  tliis  value, 
the  lesser  the  accuracy.  A corollary  of  this  is 
that  a motion  record  with  a narrow  band  energy 
spectrum  can  be  forecasted  into  the  future  more 
accurately  than  a motion  having  a wide  band 
cnerg)'  spectrum. 

For  typical  motion  records  the  anto-correlation 
function  becomes  essentially  zero  after  about  100 
seconds.  This  means  that  no  short  range  pre- 
diction is  possible  beyond  this  interval  of  time. 
The  statistical  properties  are  still  in  a sense  pre- 
dictable, although  the  shape  of  the  future  record 
is  unknown. 

Envelope,  Maxi.ma,  and  Zeroes 

The  properties  of  wave  records  deduced  from 
the  study  by  Rice  apply  in  their  entirety  to  ship 
motions.  Thus  formulae  for  the  average  ampli- 
tudes of  a motion  s{i)  corresponding  to  equations 
(1.31),  (1.32)  and  (1.33)  can  be  written  down 
immediately  giving 

(a)  The  average  amplitude  of  motion 

5 - O.S66-\/.^  (5.11) 

(b)  The  significant  amplitude  of  motion 

i,/.  = 1.415\/^*  (5.12) 

(c)  The  average  of  the  '/»  highest  amplitudes 

i./,.  = l.S0\/xV  (5.13) 

For  example,  if  R^*  = 0.01  radian  squared  the 
mean  roll  amplitude  would  be  0.0866  radian  or 
d.Ofi”  and  the  average  of  the  ‘/m  highest  rolls 
would  be  l0.3‘'. 
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vSiiice  our  ai)i)licatio!i  of  this  particular  as|>ect 
of  the  work  of  Rice  is  based  on  the  assiiiiii)tion 
of  a narrow  speclr.iiii,  the  foregoing  f irninlae 
apply  witli  somewhat  greater  validity  when  the 
vessel  Hnds  herself  in  sea  conditions  approaching 
a swell. 

The  probability  curve  for  roll  amplitudes  given 
by  Perry  in  the  discussion  to  the  pa)x.‘r  by  Wein- 
bluin  and  St.  Denis  is  essentially  given  (apart 
from  the  abscissa)  by  e ' *'  which  is  one  minus 
the  cunuilative  distribut'on  function  vvliuse  jirob- 
abiiity  distribution  is  given  by  e(|uation  (l.XO) 
with  R^*  subsliiuted  for  /?.  In  this  expression  if 
is  the  amplitude  of  roll  and  the  number  that  re- 
sults is  the  probability  of  a roll  in  excess  of  y?. 

When  in  a regular  seaw.-iy  a vessel  nndergoe.s  an 
oscillatory  rolling  motion  about  the  mean  value 
zero  such  that  the  number  of  times  she  attains  a 
maximum  amplitude  to  the  one  side  or  other 
equals  exactly  the  number  of  zero  crossings.  In 
a eonfused  sea  such  is  no  longer  the  case.  The 
motion  being  erratic,  the  ship  can,  for  exanipie, 
roll  to  a maximum  amplitutlc,  start  back  to  the 
angle  of  zero  roll,  but,  before  attaining  it,  reverse 
the  direction  and  roll  out  again.  The  number  of 
roll  maxima  to  both  sides  is  cons^qiicatly  greater 
tlian  the  number  of  zero  crossings.  'I'he  study  of 
Rice  permits  one  to  determine  both  the  mtmber 
of  zero  crossings  nor  second  as  well  ns  the  number 
of  times  p>er  second  the  maximum  am])litnde  is 
attained  to  either  side. 

The  number  of  zero  erossings  [kt  second  for  the 
motion  5 is  given  by 


1 1 »/o*  o),- I" 


(a.  ID 


where  the  reciprocal  of  /,  is  the  average  period  of 
the  motion  5 in  the  loose  sense  of  the  word  “pe- 
rioil.” 


As  ag.iinst  this  the  number  of  times  per  seeonu 
a maximum  amplitiuie  to  both  sides  is  attained 
is  given  by 

o//\  _ I 


For  heave  ai!d  pitch  equation  (.5.15)  gives  the  total 
number  of  maxima  and  minima  per  second. 

Ill  spite  of  the  identity  of  the  frequency  of  en- 
counter for  all  simultaneous  motions  of  a vessel, 
the  number  of  zero  crossings  per  seeond  and  inaxi- 
nium  amplitudes  jK-r  second  may  vary  appre- 
ciably with  the  motion.  This  is  illustrated  by 
Fig.  i).l  which  is  a simultaiieivis  record  of  roll  and 
pitch  for  a shop  nnderway  in  a seaway.  The 
average  frequency  of  roll  is  much  smaller  than 
that  of  ])itch.  This  would  be  inconsistent  if  the 
vessel  were  in  a regular  seaway.  However,  this 
phenomenon  can  be  explained  logically  on  the 
basis  of  the  theory  presented  herein. 

The  spectrum  of  the  seaway  is  the  same  for  both 
motions.  Rut  the  response  amplitude  operators 
for  roll  and  pitch  are  quite  different  in  form. 
When  these  are  iq^plied  to  the  seaway  a uiuerent 
spectrum  of  response  amplitude  is  obtained  for 
each  motion  in  both  the  u-x  and  oi,-Xt  planes. 
As  a consequence  the  values  of  and  obtained 
from  equation  (5.14)  are  entirely  different. 

ExrRF,.\:n  Motions 

At  times  it  is  desirable  to  estimate  the  average 
value  of  the  highest  expected  amplitude  of  motion, 
say  roll,  out  of  a total  of  JV  recorded  oscillations. 


: — I — ::: — A — :: 7\ — f\ — - /\  A 1 


ROLL 

Fig.  5.1. — Siv.n  •'.•neou.s  Record  ok  Koi.l  and  Pitch  for  a Ship  I’nderway  in  a Seaway 
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This  is  ]X)ssibk‘  through  u technique  tleveloix'd  by 
Longue t- Higgins  for  the  aiuilysis  of  waves  (10]. 
The  method  rests  on  the  assumption  that  the  en- 
velope of  a wave  or  motion  record  passes  through 
all  the  jK'aks  of  the  record  itself.  This  inqilies 
that  the  speetruni  is  narrow.  Nevertheless  the 
results  are  roughly  a])])licable  to  c«)nfnsed  sea 
conditions. 

Longuet-Higgins  derived  the  ])rohability  dis- 
tribution function  for  tlie  amplitude  of  the  high- 
est wave  in  a wave  record  A'  waves  long.  This 
derivation  is  based  on  obtaining  the  ])robabiiity 
distribution  function  for  the  envelope  of  the  wave 
record,  sec  Fig.  l.i).  If  the  latter  is  known  then 
the  expected  value  for  the  amplitude  of  the  highest 
wave  out  of  a total  of  A'  waves  ean  be  derived. 
This,  of  course,  ap])iies  directly  to  shi])  motions. 
A tabulation  may  be  thus  made  of  the  cx])eeted 
value  ot  the  highest  amplitude  of  nintion  out  of  a 
total  of  X oscillations. 

Number  of 
oscillations,  .V 

on 

50 
100 
•200 
500 
1000 


.Amplitude  of  niotion 

I .S7  X VR* 
2.12  X Vk* 
2.2S  X VR,* 
2.4:1  X VR,’ 
2.00  X Vr.* 

2.7:1  X Vr* 


Consider  roll  for  cxamide.  If  R*  = 0.01  radian 
squared  then,  out  of  50  rolls,  one  roll  should  have 
an  amplitude  of  12.2  degrees.  Out  of  a total  of  500 
rolls,  one  roll  should  att.ain  an  nniplitnde  of  1 4.. S de- 
grees. The  value  of  the  highest  amplitude  'U- 
creases  like  [log  A^]'''".  * Even  for  very  high 
values  of  A'  the  results  apjrcar  to  be  reliable. 
However,  as  often  occurs  in  statistics,  the  method 
eventually  breaks  down  by  jiredicting  too  f*v- 
treme  values.  This  occurs  because  ir;  praeiieal 
application  the  theoretical  distribution  cannot  be 
relied  upon  at  the  extreme  ranges  of  the  .'unction. 

Conclusions 

In  this  paper  the  authors  have  atienqrtcd  to 
show  that  theoretical  studies  of  ship  motions 
need  not  be  confined  to  those  experienced  by  a 
vessel  in  a seaway  whose  pattern  is  rhythmic  and 
reg^ar  and,  therefore,  unreal.  The  motions  that 
a vessel  undergoes  in  a confused  seaway  such  as 
occurs  within,  or  close  to,  n sionn  generating 
area — can  be  derived  provided  one  seeks  only 
knowledge  as  to  the  amplitudes  of  niotion  and 
foregoes  (for  the  time  being)  any  pursuit  o!  pliase 
relationships  between  vessel  and  sea.  It  is  [X)S- 


siblc  to  treat  phase  relationships  by  more  ad- 
vanced techniques,  but  then  the  mathematics 
become  extremely  difnenit.'^  In  confused  seas 
])liase  relations  are  of  lesser  importance  in  most 
jiractical  aiqilications.  Confining  the  interest  to 
amplitudes  alone  makes  for  a iwwerful  extension 
of  the  available  theory  of  ship  motions.  It  then 
becomes  jiossible  to  make  direct  use  of  a statisti- 
cal definition  of  the  seaway  based  on  its  energ^r 
s|K'etrum.  Through  application  of  the  proper 
response  anqditude  operators  and  frequency 
iiuqipings  the  statistical  definition  of  the  seaway 
is  converted  into  a quasi-honiogencous  Gaussian 
j>"'ucess  with  a known  spectrum  An  immediate 
conse<|uenee  is  a statistical  definition  of  the  mo- 
tions of  the  vessel  for  any  couise  and  speed.  In- 
deed the  r(M)t-niean-square  values  of  the  motions 
and  a measure  of  tlic  occurrence  of  extreme  ampli- 
tudes are  obtained  in  this  manner.  However, 
these  are  quite  suHicient  to  define  the  real  motions 
that  a ship  experiences  in  a real  sea. 

Hasi'd  tlic  fact  that  the  process  is  very  nearly 
Gaussian,  the  behavior  of  a ship  is  characterized 
by  equation  (..'>.1).  This  permits  the  direct  ap- 
plication of  all  th.at  is  known  about  Gaussian 
proce.sscs  to  the  study  of  ship  motions.  Many 
properties  of  shij)  motions,  such  as  obtained  in 
this  section  with  relative  ease,  arc  immediately 
derivable  from  the  assumption  of  a Gaussian 
motion  anil  from  the  knowledge  of  the  spec- 
tnnn. 

The  essential  idea  expounded  in  this  papier  is 
that  the  motions  of  a ship  are  a Gaussian  process 
and  that  they  are  completely  characterized  by  a 
resjionsc  spectrum  defined  by  equation  (4.il). 
This  rejircsentation  leads  to  the  conception  that 
the  response  of  a slup  in  a confused  sea  is  a steady- 
state  jirocess  rather  than  a continuous  succession 
of  transients.  The  advantages  to  be  gained  from 
such  a conception  arc  powerful  for  they  lead 
iimnediatel .'  to  practical  results. 

The  findings  of  this  jiapcr  may  be  summarized 
as  follows:  The  representation  of  the  oscillatory 
motions  of  a ship  in  confuse  d seas  by  a respionse 
spectrum  based  on  a statistical  definition  of  the 
seaway  is  sufficient  to  give  a characterization  of 
these  motions  of  such  completeness  that  the  naval 
architect  iikp'  obtain  practical  solutions  to  many 
I'robic’jjs  II*  fide!  \vliicl*  »ic  no?/ 
tunt. 


’’  T«>  treat  phase  relnttonships  it  would  be  necessary  to  know 
««(w.  x)  in  addition  to  i4a(w,  x)  in  analytic  detail.  I’hen  the  ship 
motion  couhl  be  correlated  with  a set  of  neighboring  points  io  the 
seaway  after  it  had  been  mappeil  mto  the  ~x*  plane.  AltuLni^u 
the  phase  of  each  component  wave  is  random,  the  phase  lag  between 
eaci:  .-«<mponent  wave  and  the  ship  response  is  a tiehnite  function. 
The  correlation  between  n passing  wave  and  an  intlividual  cycle  of 
the  motion  could  then  l>e  found. 
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NOTATION 


SYMBOLS 

a coefiicient 

b coefficient 

variable  of  iiitej^atioii 

c wave  velocity 

c{X),  c(^) linearizing  coefficient 

C/ frictional  coeflicient 

c, separation  coefficient 

e exponential 

f degrees  of  freedom 

f, frequency  for  motion 

/„  /„ excitation  coefficients  (symmetric 

and  antisymmetric) 

g acceleration  of  gravity 

h height  of  waterline  above  origin 

wave  height 

increment  of  time 

h, damping  eoeflicient  for  motion 

k wave  number 

boundary  of  interval 

k„  ky,  kt linear  inertia  coefficients 

kti,  kyy,  k„  . . . . angular  inertia  coefficients 
I girth 

m,  n transverse  and  vertical  direction 

cosines 

P probability 

q strength  of  source 

r wave  ordinate 


force  factor  for  motion  .v 

F force 

amplitude  of  heaving  excitation 

G,‘,  G," ) symmetric  and  antisymmetric  ex- 

G/,  (/*“  and  > citation  functions  in  heave,  pitch 
GJ,  Gy!*  I and  roll,  respectively 

GAf inetaccntric  height 

II ship’s  draft 

It,Iy>It moment  of  inertia  of  ship  about 

principal  axes 

It>,  lyy,  I It hydrodynamic  moment  of  inertia 

virtual  moment  of  inertia  in  pitch 

and  roll 

Jt,  Jy,  J t moment  of  inertia  of  volume  of 

displacement  about  principal 
axes 

L ship’s  length 

"raw"  energy  coefficient 

M moment 

M,  virtual  mass  in  heave 

virtual  moment  of  inertia  in  roll 

and  pitch 

A’ integer 

N,  ccKdficicnt  of  damping  in  motion  s 

.V,(A'),  A’, ({)  sectional  value  of  damping  co- 
efficient 

O origin  of  coordinates 

Q,{h) auto-eorrelation  function  for  mo- 

tion  5 


s displacement 

general  motion 

(x  = surge,  y = sway,  z = heave, 

(p  = roll,  = pitch,  d = yaw) 

s(X),  5(f) linearizing  coefficient 

5’(A’’),  5-({). . . .linearizing  coefficient 

t time 

V ship’s  speed 

w width  of  bilge  keels 

X,  y,  z motions  along  principal  axes 

surge,  sway  and  heave,  resjiec- 
tivel>' 

A, response  amplitude  operator  for 

motion  s 

A (X) cross-sectional  area 

A (Z; waterplane  area 

B ship’s  beam 

C, hydrodynamic  inertia  coefficient  in 

motion  5 

Ct(X),  C,(f)..  .SecLiunal  value  of  C, 

(Cl), aspect  ratio  correction  in  motion  « 

E energy 


R cumulative  energy  density 

R, restoration  coefficient  for  motion  5 

(appendix) 

R,* cumulative  response  amplitude 

density  in  motions 

L' corrected  energy  eoeffieiciits 

\VL waterline 

A”,  y,  Z Cartesian  crwirdinates 

Y,  Z horizontal  and  vertical  levers  to 

centroid  of  immersed  volume 

a waterplane  coefficient  (appendix) 

ratio  of  effective  ship’s  speed  to 

wave  velocity  (text) 

1(X ),  /3(f) sectional  coefficient 

y wave-length  parameter 

d phase  lag 

t ptiase  lag  of  excitation 

f, phase  lag  of  ship’s  response  in 

motion  5 

j , )?,  f diniensioiiless  Cartesian  coordi- 

nates r A -Z/II,  r,  A 2 7/5, 
f A 2X/L 
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e... 

angular  coordinate 

e. . . . 

. . effective  or  encounter 

flinien.sionless  danipiiig  eoellicient 

f.  . 

. . frielioiial 

in  niotioii  .v 

j. . . 

. . integer 

X. .. 

wave  length 

k . . 

. .integer 

/Jj- 

ninviiifie.'ifinn  factor  in  motion  s 

ni.. 

. . inaximuiii 

V,.  . 

natural  imdaiiincd  frequency  of 

. .integer 

oscillation  of  vessel  in  motion  s 

n . . . 

. .integer 

T . . 

3.141G 

o. . . 

. . referring  to  the  origin 

p. . . 

density  of  water 

. . referring  to  the  .surface 

(T  . . 

vertical  eoeflieieiit 

p. . 

. .integer 

T . 

. wave  period 

q.  . . 

.integer 

>p-  ■ 

roll  angle 

r . . . 

. .relative 

X-  ■ 

direction  of  wave  travel 

s . . . 

. symmetric 

. 

piteh  angle 

. .separation 

U?  . . 

wave  frequenev 

. . referring  to  the  hull's  surface 

0),.  . 

fretiuency  of  wave  encounter 

. referring  to  motion  s 

A.  . 

tuning  ratio 

. .integer 

V . . 

volume  of  displacement 

V . . - 

. . .viscous 

. . .wind 

SUBSCRIPTS 

. . wave 

a. . . 

. . . absolute 

s. . . 

. . . referring  to  heave 

. . antisymmetrie 

. . referring  to  pitch 

h... 

. . .referring  to  bilge  keels 

'f  - ■ 

. . . referring  to  roll 

APPENDIX 

DERIVATION  OF  THE  RESPONSE  AMPLITUDE  OPERATORS 

The  resfwnse  amplitude  op'erators  are  obtained 
as  solutions  to  the  eciua'.ioiis  ot  niotioii.  The 
latter  are  obtained  for  a particular  motion  by 
equating  the  sum  of  tlie  inertial,  the  damping  and 
the  restoring  reaetions  to  the  excitation.  In  their 
linearized  form  and  on  the  basis  of  the  assump 
tions  made  in  the  section  on  the  response  ampli- 
tude operators,  page  297,  the  equations  of  motion 
for  heave,  piteh  and  roll  may  be  resf>eetivcly 
written  as  follows : 

d/,  ^ + .V,  + R,z  = F.  cos  (uj  - t.)  I 

+ AV  -r  it#  sin  {uj  — t#)  1 

/.  + .V.  R^<P=  sin  (a,./  - « J I 

• at-  ■ di  I 

In  these  equations  the  relative  motion  of  ship  and 
sea  is  negleeted.  Justifieation  for  this  iiegleet  lies 
in  the  intent  to  set  forth  more  elearly  the  theory 
presented  in  this  paper. 

Some  remarks  will  now  be  made  on  the  deriva- 
tion of  the  hydrodyuamie  eoefheieiits  entering 
into  the  equations  of  motion. 
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The  Inertiai.  Reaction’s 

The  enorticiciits  of  the  accelcrntioii  terms  repre- 
sent either  the  \'irtuiil  • »ss  or  the  virtual  iiionieiit 
of  iiieili.i  of  tile  vessel  aixiut  the  axis  of  motion. 

llem’e.  The  virtu.al  mass  in  heave  is  written 

.If,  = p\-(l  -f  it.)  (a-2) 

where  the  linear  inertia  coetlicicnt,  k..,  represents 
the  ratio  of  the  hvdrodynainie  mass  to  that  of  the 
vessel.  This  was  shown  in  reference  [!)]  to  be 
expressible  as 

. . tLB-  - 

= SV  ■ 

by  relating  it  to  the  cylinder  of  semi-circular  sec- 
tion v.’hosc  radius  equals  the  half-breadth  of  the 
ship.  In  this  equation  (C(),  is  an  aspect  ratio 
correction.  It  is  obtained  as  the  ratio  of  the  linear 
inertia  coefficient  of  thi‘  sjani-ellinsnif!  having  the 
same  principal  proportions  as  the  ship  to  that  of  the 
semi-elliptic  cylinder  of  section  equal  to  the  maxi- 
mum section  of  the  ellipsoid. 

C,  is  an  averaged  hydrodynamic  mass  coeffi- 
cient defined  as 

C.  ^ IVCAA')  i/.V  = j v-CAi)<i< 

(a  If 

[ where  In  = is  the  water  line  half-breadth 

of  the  section.  The  coefTieient  C'..(A'’)  = C,({)  at 
a section  is  obtained  as  a function  of  its  bcam- 
i draft  ratio  2 Vn/Zn  = riB/^II  and  its  sectional  area 

I coefTicicnt  i3(X)  = d(U  ns  shown  bv  Prohaska 

: [17J. 

(Pitch.  The  virtual  moment  of  inertia  in  piteh 
is  written 

! 7^  ^ p/;.  ( 1 -r  kyy)  (.a-5) 

i where  the  angular  inertia  coefficient,  represents 

i the  ratio  of  the  hydrodynamic  moment  of  inertia  to 

I the  moment  of  inertia  of  the  vessel,  both  taken 

f with  reference  to  the  axis  of  pitch  ( T- F).  This 

was  shown  to  be  expressible  as 

on  the  basis  of  a two-dimensional  strip  theory  in 
which  the  ocini-eir.  ular  eylilidef  is  again  iiScu  as 
a basis  of  reference.  In  this  equation  the  correc- 
tion for  aspect  ratio  {Cx)^  is  obtained  as  the  ratio 
of  the  angular  inertia  coefficient  in  pitch  of  the 
semi-ellipsoid  and  semi-elliptic  cylinder  intro- 
duced when  discussing  heave. 

j Q is  an  averaged  hydrodynamir  moment  of 

1 inertia  eoefficient  defined  as 


. A 1 / 1-0  \rn  . 1 - . , - - 

Ox/,  B^B~  j / / » ^ 


= \ I -inr"  ^l■\  .11-  /•_ 

.)  '-''VS.' “s  va-i; 


Roll.  The  virtual  moment  of  inertia  in  roll  is 
written 

^ p/,(l  -f  k,r)  (a-S) 


where  the  angular  inertia  coefficient  krT  repsesents 
the  ratio  of  the  hydrodynaniio  iiioinent  of  inertia 
to  the  iiionicnt  of  inertia  of  the  vessel  both  taken 
with  reference  to  the  axis  of  roll  (X-X).  In  the 
derivation  that  follows  the  inertia  eoefficient  is 
referred  to  that  obf.aining  for  a plate  whose 
breadth  equals  that  i.f  the  section.  The  reason 
that  the  circle  can  no  longer  be  used  as  reference 
is  that  its  hydrodynamic  moment  of  inertia  is 
zero.  For  a plate  of  width  210  floating  at  the 
surface  the  hydrodynamic  moment  of  inertia  is 
given  by  ■jqtpTd*.  For  a ship  section  of  half- 
breadth To  and  draft  Zb  the  hydrodynamic  mo- 
nient  of  inertia  is  written 


Tpin^  _ „ rpB*rf* 

K;  2.3() 


(a-9) 


where  the  coefficient  is  a function  of  geo- 
metric properties  of  the  section.  This  coefficient 
has  been  evaluated  only  for  some  simple  geometric 
forms  (ellipse,  tetragon,  octagon),  a tabulation  of 
which  was  given  by  Wendel  [2.3].  In  contrast 
to  the  ease  for  heave  and  pitch,  the  extension  to 
ship  forms  has  not  yet  been  made.  For  convex 
sections  the  coefficient  can  be  obtained  by  inter- 
polation between  the  value  corresponding  to  a 
semi -ellipse  and  that  for  a rectangle  of  equal  pro- 
portions. 

As  an  aid  to  this  interpolation  curves  of  C„  for 
the  rectangle  a.id  the  semi-ellipse  are  plotted  in 
Fig.  Al.  The  values  of  C„  for  the  semi-ellipse 
can  be  readily  obtained  from  the  formula 

= (\  - Zb^Vb-Y-  (a- 10) 

Solutions  for  L.f,  applicable  to  concave  sections 
are  still  wanting.  It  appears  that  for  such  sections 
decreases  w’ith  increasing  section  coefficient 
and  that  an  empirical  formula  like 

S 0.74  - i:30^!«(A)  (a-lt) 

gives  a reasonable  first  app.’-oximation  within  the 
important  range  0 2 < ^{X)  < 0.5. 

Although  bilge  keels  contribute  but  a negligible 
effect  in  heave  and  pitch,  they  need  to  be  taken 
into  account  in  roll.  But  again  otie  is  forced  into 
empiricism  by  the  lack  of  a convenient  procedure 
for  rational  design.  Wendel  has  given  values  of  C., 
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Semi- 

Ellipse' 


At  Low  Values  of 
for  Rectcngle 

S I 9 ( 7 

For  Semi  - Ellipse  ^ 

c^-['-<Vy  >*] 


Rectangle 


At  High  Values  of  Yq/^ 
for  the  Rectangle 
hos  the  Following 
Values 

Vz.  c. 


Fic.  A-1. — FOR  Rbctangi,b  and  Skmi-Ellifse 
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for  a square  section  with  diagonal  fins  at  the  cor- 
ners, Fig.  A -2.  The  effect  of  the  bilge  keels  is 
large  and  over  a wide  range  amounts  to  a 7.7% 
increase  in  C,  for  each  1%  increase  in  the  ratio  of 
bilge  keel  to  half-breadth.  For  want  of  data  di- 
rectly applict-ble  to  ship  sections,  uie  •••in-cHca! 
increase  as  given  by  this  figure  should  be  used. 

The  hydrodynamic  moment  of  inertia  is  ob- 
tained by  integration 

/i/2 


where  C^{X)  = CJX)  includes  a correction  for  the 
effect  of  bilge  keels.  The  weighted  average  co- 
efficient Cf,  is  given  by 


aji  r'" 

IjB*  .J  — 1 to 


CJ.X)  Y,*  dX 


r c. 


'j~\ 


awdi  (a- 1.3) 


By  reference  to  the  moment  of  inertia  of  the  ship 
about  her  longitudinal-axis,  /„  tlie  angular  in- 
ertia coefficient  in  roll  then  results  rs 


Where  again  (Cj),  is  an  aspect  ratio  correction  ob- 
tained as  the  ratio  of  the  angular  inertia  coeffi- 
cient in  roll  of  the  semi-ellipsoid  and  semi-elHptic 
cylinder  introduced  when  discussing  heave. 


The  Damping  Reactions 

The  coefficients  of  the  velocity  terms,  or  damp- 
ing coefficients,  have  already  been  derived  for 
heave  and  pitch  [20].  They  will  be  recalled  here 
in  the  simplified  form  that  neglects  the  relative 
wave  .motion  and  modified  slightly  so  as  to  be 
more  consistent  with  subsequent  derivations  of 
the  remaining  coefficients. 

Heave.  The  damping  coefficient  is  given  by 

N,  4 N.{X)  dX^^  r NAO  di 

J -U2  ^ J 

(a-15) 

where  N,{X)  = NAO  's  a sectional  damping  co- 
efficient defined  by 


and  12{X)  — h]  represents  the  mean  draft  of  the 
section.  By  introducing  a mean  draft  for  the 
whole  vessel  (Z  — A)  = —Ha,  where  a is  the 
vertical  coefficient,  the  damping  coefficient  is 
approximated  by 


N, 


sin’  kY^dX 


(a- 17) 


For  use  of  calculation  it  is  convenient  to  express 
sin’  kYa  in  terms  of  kYa.  To  this  effect  write 

sin’ Ain  i’(A')  /feFo  (a-18) 

where 


s^{X) 


^ sin’  kYndY 

3 /.  sin  2AFo\ 

2F1V  V 2AFo  / 


4 5’({) 


(a- 19) 


This  coefficient  is  plotted  in  Fig.  >1-3.  Witli  this 
substitution  the  damping  coefficient  in  heave  is 
wrritten 


r./2 


Af,  = ; ^’a')Fo’dA: 

J-i.n 


J-\ 


(/{  (a-20) 


'T'Kp  Hnnirkinrr  ic  rriv*»r» 

rf/2 

Af*  A / NAX)X^dX 

f ^ 1 tr% 

= Af,a)i=df  (a-21) 


Following  the  same  reasoning  as  for  heave  it  can 
be  easily  verified  that 
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Fig.  a-."}, — 'Lin’earizikg  Coeppiciks’ts 


ptn 

iV*  = 4p<.),e-2*"»  f !iHX)X-y^-dX 
J-U2 

= H y"!  (a-22) 

Roll.  The  damping  reactiuii  in  roll  consists  of 
two  components:  The  first  is  similar  in  nature  to 
the  dasnpitig  reactions  in  heave  .ind  pitch,  arises 
through  the  generation  of  waves,  varies  linearly 
with  velocity  and  can  be  treated  analytically. 
The  second  arises  through  surface  friction  and 
flow  separation,  varies  with  the  square  of  the  ve- 
locity, can  be  treated  only  empirically  and  must 
be  linearized  to  be  introduced  in  fhe  equation  of 
motion. 

Damping  from  wave  generation  (or  potential 
damping)  will  be  discussed  fii  st.  To  this  end  con- 
sider a pulsating  source  located  below  the  sur- 
face at  a depth  (Z  — A).  If  the  strength  of  the 
source  per  unit  length  is  q coa  laj,  then  the  eleva- 
tion at  a point  Y = b of  the  regular  surface  waves 
propagated  along  the  positive  Y axis  is 


dE  ^ pg‘r„- 
dt  4a), 

= (a-24) 

Apply  the  foregoing  to  an  arbitrary  section  of 
halfbreadth  Ko  = and  draft  Zu  = f//  per- 

forming oscillations  in  roll. 

ip  = ipm  COS  a),f  (a  2,3) 

The  motion  is  assumed  to  be  two-dimensional 
and  due  to  a distribution  of  sources  of  varying 
strength  over  the  section.  The  strength  of  a 
source  at  a point  (K„  Z.)  of  the  hull  surface  is 
taken  to  be 


dQ  = o-.ndl 


(a-26) 


where  s is  the  t.^ta!  displacement  of  the  point 
when  the  vessel  rolls  about  her  center  of  gravitj’ 
through  an  angle  ip,  i.e.. 


ds  = vVY.^  -f  Z,^-dl 


(a-27) 


r„.  = cos  (wj  - kb)  (a-2.3) 

g 

and  the  rate  of  energy  dissipation  to  one  side  is 


and  dl  is  an  element  of  girth,  see  P'ig.  A-4.  The 
strength  of  the  source,  dq,  can  be  written  n.>ore 
conveniently  in  terms  of  the  vertical  and  hori- 
zontal coinjTonents  of  the  girth,  m d!  and  n dl. 
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from  which 

dq  = —\/2Tr{hxZ,  — n K,)a',<Pm  sin  (a-30) 

The  amplitude  of  tlie  resulting  surface  wave  at 
point  K = 6 is 

dr„  = cos  |a>^  - k{h  - Y)] 

= - {mZ,  - cos  [u.^  - k(b  - K)]  rf/  (a-31) 

where  1'  is  the  ordinate  of  the  source.  If  the 
iiitegTaiioii  is  made  along  the  contour  the  resulting 
surface  wave  is 


if  '.hese  are  introduced 

ds  = ifi(Z,tn  dl  — V.n  dl) 


and 


^ (»>Z,  - nV:) 


R 


f 


*(/- 


**  (mZ,  — nY,)  cos  \icd  — k (b  — Y)]dl 


(a-32) 


The  integration  is  readily  carried  on  the  assump- 
tion that  only  the  sources  in  the  positive  half  of 
the  vessel  account  for  the  waves  geiieratetl  in  the 
positive  direction.  The  contour  integral  is  re- 
placed by  linear  integrals  by  introducing  m dl  = 
dZ  and  n dl  = dY.  This  results  in  the  following 
expansion 


r™  = - -jeos  fu.^  - r Z.  cos  kY,  dZ  + / ^ Y.  cos  kV,  dY 

R I L^*  + //  Jo 

- sin  («,#  - W)!  / Z.  sin  ifeK,  dZ+f  1'.  sin  kY.  dY 

Ljh  + H Jo 


(a-33) 


These  integrals  are  evaluated  by  assuming  average 
values  for  the  trigonometric  and  exponential 
terms  as  follows: 

(a)  Replace  the  term  cos  kY,  in  tlie  integrand 
by  its  average  value  and  remove  this  from  under 
the  integral  sign 

c{X)  = ‘ / cosAr}',  rfl'  (a-34) 

ro  ^0 


(b)  Replace  similarly  the  term  sin  kY,  by  its 
average 


(kY,)  s(X) 


t,,  So'^'  ^xnkY.dY 


(a-35) 


Both  factors  c(X)  and  j(a'’)  are  plotted  in  Fig. 
.<4-3.  Two  average  values  of  are  obtained 

depending  upon  whether  the  integration  is  carried 
out  vertically  or  horizontally. 

(c)  The  average  value  of  the  exponential  term 
integrated  vertically  from  Z = Zo  to  Z = /<  is 
simply 


Fic.  a-4. — Geometry  OF  Displacement  Forces  on  Ship’s 
Hull 
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A _L  f' 

Zo  — h Jy  , 


ekU-H) 
1 


k{Z(,  - k) 


[ 1 _ j (o.-JIU 


(d'l  At  a stction  the  average  value  of  the  e:: 
poiicntial  term  integrated  horizontally  is 

A (a.37^ 

If  these  substitutions  are  made  in  equation  (a-33) 
and  the  integrations  are  carried  out,  the  following 
expression  results  for  the  surface  waves 


r„  = - UZ„  - h)-  - 2h{Zo  - h)l 

• [c(X)  cos  - kb)  -s(X)kYo  sin  {uj  - (a-38) 

The  amplitude  of  this  wave  is 

r„  = [(Zo  - h)-  - 2hiZo  - .^)1  - «,•<*''>  KoM  • 


Thus  the  average  rate  of  energy  dissipation  to 
one  side  is 


= “if [(^0  ~ ~ • ['^‘(^)  + /tOVlj-  (a-40) 

If  this  is  equated  to  the  average  rate  of  work  jier- 
fomied  by  the  damping  moment  \d<p/dt)  [A^^(A')]ii’ 
which  is 


Yi 


dE 

dt 

(a-41) 


the  sectional  damping  coefficient  result  as 

[iV,(Y)r  = J.  [{Zo  - h)'-  - 2h{Zo  - h)]  - iV\- • (c»(Y)  X (a-42) 


The  potential  damping  coefficient  in  roll  is 
thus 


(AV)h-  = [XAXlU  dX 

= y2Lf},  i.V^(f)i»  (a-43) 


It  is  convenient  to  average  the  exponential 
terms  for  the  whole  vessel.  Referring  these  aver- 
ages to  the  draft  II  in  lieu  of  —(Zo  — h)  and  to 
the  beam  B,  there  results 

ez‘*^  = [1  - (a-44) 

f-*w»  (a-45) 

where  a is  the  vertical  coefficient.  Consequently 

{N^)„  = ^ (//  - 2A)-]-(l  - «-*")  cW  dk 

-F  \ lB^II{II  - 2h)k^{\  - €-"»)  ,,V(U  dk 

- ^ f '^  nViO  dX  - LB'kH-^^--  aij.  (a-46) 
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Viscous  damping  arising  from  surface  friction 
and  flow  separation  will  now  be  discussed.  The 
frictional  conir>onent  will  be  considered  first. 
The  frictional  resistance  of  an  element  of  hull 
surface  dl  dX  located  at  the  point  (AT,,  Y„  Z,)  is 

dF  = ‘ pr,(  17  4-  Z,*)  dl  dX  (a-47) 

where  C/  is  an  empirically  derived  coefficient 
which  equals  approximately  0.02.  If  this  force 
is  resolved  into  horizontal  and  vertical  compo- 
nents mdF  and  n dF,  its  moment  about  the  origin 
is 

dM  =\pc,  + Zr)  {m  r + nZ)  dl  dX 

= pc,  ( l-.=  4-  Z.=)  ( }•  dZ  + ZdY)  dX 

(a-4S) 

since  m dl  = dZ  and  n dl  = dV.  The  total  mo- 
ment about  the  origin  of  this  force  obtained  by 
integration  results  as 

.1/  = ■2pr,J,  (a-49) 


efficient  is  then 


(AT-),  = pc,w 


J {Yb^  + Z„^)  (w Yb  + nZB)  dX 

(a-54) 


The  viscous  damping  reaction 

(N^),  (^^y  = ((iv^)/  + (A^,).]  (^^y  (a-55) 


is  thus  a quadratic  function  of  the  velocity.  It 
cannot  be  introduced  directly  in  the  equation  of 
motion,  but  needs  first  be  linearized.  .As  shown 
by  Braehinig  [3],  the  linearization  consists  in 
finding  an  equivalent  viscous  damping  coefficient 
which  depends  on  the  first  power  of  the  velocity 
and  whose  magnitude  is  determined  by  the  condi- 
tion that  the  work  absorbed  during  a cycle  re- 
mains unaltered.  Then,  dropping  obvious  sub- 
scripts for  the  moment, 


4N. 


z*T  '4  f * \ / I V 

i (“D  ® 


dt 


where  is  the  moment  of  inertia  of  the  volume 
of  displacement  about  the  longitudinal  axis. 
The  corresponding  damping  coefficient  is 

(Nr),  = 2pc,Jr  (a-50) 

The  component  of  viscous  damping  arising 
from  flow  separation  is  derived  in  a manner  simi- 
le to  the  frictional  component.  It  will  be  as- 
sumed here  that  now  separation  occurs  only  as 
a consequence  of  bilge  keels  of  constant  width 
w placed  normally  to  the  hull  surface  along  the 
trace  (Kb,  Zb).  The  separation  resistance  of  an 
element  of  bilge  keel  of  length  rfAf  is 

dF  = I PC.W  {y^y  ( Y„'-  + Zb-)  dX  (a-oi) 

where  c,  is  an  empirically  derived  coefficient  which 
equals  approximately  1.6.  Its  moment  about  the 
origin  is 

dM  = 2 pc.w  (y^y  ( Kfl’  -f  Zfl’-)  (m  Yb  4-  «Z„)  dX 

(a-52) 

froiTi  wiiicii  ine  totui  (Ixith  siucs)  resuSts 

as 

M = pc,w  (^y  J {Yb'^  + Z7j 

• (rnYfi  + tiZb)  dX  (a-53) 

the  limits  of  integration  being  the  extremities  of 
the  bilge  keels.  The  corresponding  damping  co 


If  the  plausible  assumption  is  made  that  such 
change  in  the  damping  reaction  will  have  but  a 
negligible  effect  on  the  motion 


ip  = Vn  sin  (taj  — t^) 

(a-'>7) 

the  condition  is  obtained  that 

•'Vi  cos"'  (a.V  - dt 

~ cos*  (!!',/  - if)  dt 

(a-58) 

from  which 

II 

(a-o9) 

and 

(a)'  - 1 (®) 

(a-GO) 

The  total  damping  reaction  is  thus 

(t) -H'  + l;  <"•>•]  (®) 

(a-6I) 

The  Restoring  Reactions 

The  third  terms  in  the  equations  of  motion, 
(a-1),  represent  restorations,  i.e.,  hydrostatic 
reactions  which  take  place  when  the  vessel  is 
disturbed  from  her  position  of  equilibrium  in 
calm  water.  These  coefficients  are,  of  course, 
well  known.  But  since  the  derivation  of  the  ex- 
citation coefficients  is  of  greater  complexity  yet 
follows  a parallel  procedure,  it  is  believed  con- 
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venient  to  outline  briefly  the  derivation  of  the 
eoeflveients  of  restoraiion.  lu  ihe  diaiussioii 
that  follows  the  restorations  in  heavo:  p’t.'h  aiui 
roll  will  be  derived  siniultaueously. 

Consider  a vessel  displaced  from  her  position 
of  eniiilihriiini  by  a motion  whieh  eombines 
heave,  pitch  and  roll.  As  a result  of  this  eoniplex 
motion,  the  waterline  for  the  ship  at  rest,  WL 
in  Fig.  A-iy,  moves  to  a new  position  WiLi  beeausc 
of  linear  displaeenients  along  the  vertical  (Z)  axis 
and  an  angular  displacement  about  the  origin. 
The  vertieal  displaeement  of  the  waterline  is  the 
resultant  of  the  line-ar  eoniponents  of  heave  (z) 
and  pitch  (^).  The  angular  displacenient  i.s 
simply  the  roll  angle  if. 

When  the  vessel  is  in  a position  of  static  equilib- 
rium the  hydrostatic  force  per  unit  area  acting 
normal  to  the  hull  surface  at  the  point  (.Y„  1',, 
— Z.)  is 

<{r  = oe{-Z,  + h)  (a-(i2) 

When  the  vessel  is  disturbed  from  her  |)osition  of 
equilibrium  the  normal  hydrostatic  force  bceotnes 

tlF  = pg  [(-Z.  + h + z 

For  small  angular  displacements  the  lineariza- 
tion eos  = 1 ‘ind  sin  ya  SS  <p  is  introduced  giving 
a change  in  hydrostatic  force  ecpial  to 

pg(z  + .\,i  I i'.if)  (a  lil) 

the  three  terms  in  the  parentheses  being  due,  re- 
spectively, to  heave,  pitch  and  roll. 

To  obtain  the  restoring  reactions  this  force  and 
the  moments  it  gives  rise  to  will  be  integrated 
over  the  hull  surface.  To  this  end  it  is  convenient 
to  resolve  the  force  into  horizontal  and  vertical 
components,  m dF  and  n dF.  Consider  first 
the  integral  of  the  vertical  component  which  is 
the  restoration  in  heave 

nF  = pg  J'-l%  ^ n{z  + X,^  -t-  F.vj)  di  dX 

(a-()5) 

where  dl  is  an  element  of  girth.  Because  of  anti- 
symmetry along  the  -Y  and  i axes 

.f-tz  § nX.rP  dl  dX  = fi-!%  j n dl  dX  = 0 

(a-()6) 

The  Lerms  in  y and  y>  are  eoiisequeiiliy  diopped. 
Introducing  n dl  = d i" 

fiF  = pg  S-uz  y'  2 ^ (^)2  fa-(i7) 

where  A(Z)  is  the  waterplane  area. 

Consider  secondly  the  integral  of  the  hori- 
zontal component  which  is  a swaying  force  asso- 
ciated with  roll. 


-h  A',^)  cos  If  + F.  sin  ^>1  (a-()3  ) 

>»F  = pg  + A',v'-  + F.y.)  dl  dX 

(a-()8) 

Because  of  antisvimnctry  along  the  A'  and  1'  axes 

f »,z  dl  dX  = f !)%  f mX,^f^  dl  dX  = 0 

(a-09) 

The  terms  in  z and  ^ arc  consequently  dropped. 
Introducing  w f//  = ilZ 

mF  = pgifi  yi'v,/:!  f VjilZ  dX  = pgAyj  (a- 70) 

Consider  thirdly  the  component  of  the  righting 
moment  in  roll  due  to  the  integral  of  the  hori- 
zontal force. 

= -PS.  § '”^(2  + + r,,,)  didx 

(a-71) 

Because  of  antisymiric-tiy  along  the  F axis 

fy,%  f mZz  dl  dX 

= f-i%  § inX^ZiP  dl  dX  = 0 (a-72) 

The  terms  in  s and  ^ arc  consequently  dropped. 
With  mdt  = dZ 

M = — pgip  J FjZ  dZ  dX  = —pgXZif 

(a-73) 

where  Z is  the  vertical  lever  arm  to  the  centroid 
of  the  immersed  volume,  i.e.,  center  of  buoyancy. 
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Consider  fourthly,  the  component  of  the  right- 
ing moment  in  roll  due  to  the  integral  of  the  ver- 
tical force 


.1/  = pg  fli%  § + Y.^)  di  dX 

(a-?l) 


By  antisymmetry  along  the  ]'  axis 

f}:i%§nV.zdldX 

= f-u2  § « YX,4>  dl  dX  = 0 (a-?-)) 

The  tenns  in  2 and  ^ are  consequently  dropped. 
With  ndl  = dV 

M = pg<fi  f-SiS-Y,  y.^dV  = pgJr  f (a-7(i) 

where  /,  is  thp  moment  of  inertia  of  the  water- 
plane  about  the  lorgi^odinal  axis. 

Since  the  horizontal  shift  of  tlie  center  of  buoy- 
ancy = P = Jtip/V,  this  moment  is  equivalent  to 
that  caused  by  a vertical  force  pgV  located  at  the 
displaced  center  of  buoyancy,  see  Fig.  A-Ct. 

The  totd  1 righting  moment  in  roll  is  best  ex- 
pressed by  obtaining  the  resultant  at  the  dis- 
placed center  of  buoyancy  of  the  horizontal  and 
vertical  forces  giving  rise  to  the  righting  moment 
in  roll.  Since  these  are,  respectively,  <fipgV  and 
pgV,  the  resultant,  which  is  the  buoyant  force,  is 
pgV-  1 his  acts  at  an  angle  to  the  original  ver- 
tical and  intersects  it  at  the  metacenter. 

The  righting  moment  is  then  the  well-known 
cx  prcssio  n 

Jf  = pgip  (J^  - vZ)  = pg^-GM-'-p  (a-77) 


Consider  fifthly  the  righting  moment  in  pitch. 
This  is  due  to  the  vertical  force  and  is 

= pg  f-i%  § nx.iz  + x.rf,  + y.p)  dl  dX 

(a-7.S) 

By  antisymmetry  along  the  A'  and  Y axes 

j'-i%  § nXfi  dl  dX 

= f-U2  f y.V  dl  dX  = 0 (a-79) 

The  terms  in  z and  ^ are  consequently  dropped. 
With  n dl  = dY 

M = Pgri  fI’y,X'^  iydX  = pgj,yl> 

(a-80) 

where  Jy  is  the  moment  of  inertia  of  the  water- 
plane  about  the  Y axis. 


The  Excitation 

The  right-hand  terms  in  tlie  equations  of  mo- 
tion represent  excitations,  i.e.,  hydrodynamic 
forces  and  moments  which  occur  when  a vessel 
progresses  in  a seaway  composed  of  regular  waves 
retaining  the  attitude  corresponding  to  equilibrium 
in  calm  water. 

Consider  a vessel  heading  at  an  angle  x into  a 
regular  seaw’ay.  Figs.  A-l  and  i4-8.  The  wave 
ordinate  at  a point  X,  Y of  the  surface  is 

r = r„  cc>s  ((i  cos  x)A'  -f-  {k  sin  x)  F — + *)  1 

/ _ O'*  \ 

\a-oi> 

where  k — 2t/X.  The  hydrodynamic  head  at 
the  point  (X,  Y,  —Z)  is  the  wave  ordinate  multi- 
plied by  The  corresponding  Iiydfodynpruic 

force  per  unit  area  acting  normal  to  the  hull  sur- 
face at  the  point  {X„  Y„  ~Z,)  is 


dF  = pgr„e'‘^^-*‘^  cos  ((^  cos  x)A',  -f-  {k  sin  x)  F,  — -f-  e] 


(a-82) 
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To  obtain  the  excitations  this  h*fCc  and  the 
moments  it  gives  rise  to  will  be  integrated  over  the 
hill!  surface.  Again  it  will  be  convenient  to  re- 
solve the  force  into  horizontal  and  vertical  com- 
ponents m dt'&wd  n dF. 

Consider  first  the  integral  of  the  vertical  com- 
ponent, which  is  the  excitation  in  heave. 

F,  =--  nF  = pgr„  • cos  |(ife  cos  x)X.  + (k  sin  x)  Y,  - ict  -f  e)  dl  dX  (a-83) 

The  contour  integral  is  expanded  into  products 
of  time  dependent  and  time  invariant  factors 

cos  (wj  — f)  f cos  [(/fc  cos  x)-^«  + (/fc  sin  x)  E,J  d/ 

-|-  sin  (ti)^  — t)  f ne**-^"**  sin  \{k  cos  x)X,  +{k  sin  x)  Y,]  dl  (a-S4) 

By  antisymmetry  the  first  terin  reduces  to 

2 cos  (u,t  — t)  cos  ()fc  cos  x)-^«  ^ cos  (k  sin  x)Y,  dl 

= 2 cos  (ti),i  - t)  cos  (k  cos  x)X,  cos  (k  sin  x)Y,  dV  (a-85) 

To  linearize  the  solution  proceed  as  for  damping, 
replacing  the  trigonometric  and  exponential  terms 
by  their  average  values  at  a section.  Thus  for 
y*  cos  (k  sin  x)  Y,  dV  substitute 

c(A')  = V ! cos sin  X)  h.  i'  = 
rn  Jo 

(a-86) 

A plot  of  this  coefficient  is  given  in  Fig.  .4-3.  For 
the  exponential  term  use  the  expression  of  equa- 
tion (a-32),  obtaining 

2 cos  — e)e/*^  c(X)  Ko  cos  (k  cos  x)  X (a-S7) 

Integrating  this  expression  along  the  length  and 
introducing  the  dimensionless  parameters 

17  = 2Ko/5,  f ^ 2X/L,  7 A ,L/X,  (a-88) 

the  first  term  of  equation  (a-S4)  results  as 

]/2  COS  (w,t  — f)  LB  yi',  c(f)>?  cos  (y(  cos  x)  (a-S9) 
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Denning 

G.'  - y'j,  c(()ij  cos  (y(  cos  x)  (a-90) 

the  first  term  becomes 

LBG/  cos  - f)  (a-91) 

The  second  term  of  equation  (a-84)  reduces  simi- 
larly to  the  expression 

LBGt"  sin  {uji  — t)  (a-92) 

Fy  = mF  = pgr„  S-L%  f ■ cos  (i 


where 

G/  - yJi  c(U>?  sin  (yS  cos  x)  d(  (a-93) 

For  the  quasi-symmetric  vessels  to  which  this 
papier  is  restricted  this  term  approaches  zero  and 
can  be  neglected.  The  heaving  force  is  then 

F,  = »F  = pgr„LBG,’  cos  (u,/  — t)  (a-94) 

Consider  secondly  the  integral  of  the  horizontal 
compionent,  which  is  the  swaying  force 

k cos  xjX,  + («  siii  x)  F,  — ti)j  -|-  « ] dl  dX  (a-96) 


y*'* 
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Expansion  of  the  contour  integral  gives 

sin  (uj  - i)  f sin  [(*  cos  x)A"  + (k  sin  x)  »’•! «’»’ 

+ cos  {uj  — ()  ^ cos  [(ife  cos  x)'^’*  + sin  x)  Fi]  dl  {a-96) 

By  antisymmetry  the  first  of  these  terms  reduces 
to 

2 sin  (uH  — «)  ^ sin  {k  cos  x)Ar,  cos  (k  sin  x)  F>  dl 

= 2 sin  (uj  — «)  sin  {k  cos  xlAT,  J'  cos  {k  sin  x)  F,  dZ  (a-97) 


To  linearize  introduce  now  the  average  value  of 
J'  sin  {k  sin  x)  F,  dZ  at  a section.  Letting 


J'o*''  sin  {k  sin  x)  F,  dV 
Jl'’’  {k  sin  x)  F,  rfF 


(a-9.S) 


this  average  value  is 

5(A  ) sm  X y*  F.  dZ 

= 5(A)A(A)/fe  sin  X (a- 99) 

The  average  value  of  the  exponential  being 
given  by  equation  (a  22),  the  first  term  becomes 

2 sin  (wj  — 5(A)i4  (A)  k sin  x cos  {k  cos  x)A. 

Integrating  along  the  length  and  introducing 
dimensionless  parameters,  the  first  term  becomes 

sin  x S-x  ^(U/3(U  cos  {yk  cos  x)  dk- 


Defining 

Gy  = e.'-'k  sin  x J'-\  sU)^{k)  cos  (7^  cos  x) 

(a-iOO) 

the  first  term  becomes 

LBII  Gy  sin  (w^  — «)  (a-101) 

Proceeding  in  a like  manner  as  for  the  second  term 
of  equation  (a-9G)  the  complementary  anti- 
symmetric teiiii  IS  obtained.  This  is  neglected 
in  view  of  the  restriction  to  quasi-svmnietric 
ships.  The  total  horizontal  force  is  then 

F,  = mF  = pgr„LBIIGy  sm  (a),l  — «)  (a- 102) 

Consider  thirrlly  the  component  of  the  moment 
to  roll  arising  from  the  integration  of  the  hori- 
zontal component  of  force. 


(My)y  = pgr„  S-Ui  § cos  [(i  cos  x)  X,  -f-  {k  sin  x)  F,  — w/  + « ) rf/  dX  (a- 103"! 
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Again  expanding  the  contour  integral  two  terms  are  obtained.  They  are 

cos  (to,i  — *)  ^ w**!’-  "5  cos  i(«  cos  x)A',  -f-  {k  sin  x)  F.)  dl  and 

sin  - «)  f •>  sin  («cos  x)A',  ■+■  {k  sin  x)  F.)  di.  (a-ltM) 

The  first  leads  to  an  antisyininetric  expression  horizontal  forces  is  then 
which  is  neglected.  The  second  leads  to  the 

complementary  syinnieiric  expression  (M^),  = - pgrr,LBllZ  G/ sm  - t)  (a-lOo) 

LBH-Z  (7Jsin  (to,/  — t) 

Consider  fourthly  that  component  of  the  moment 
where  Z is  the  ordinate  to  the  center  of  buoyancy  to  roll  arising  from  the  integration  of  the  vertical 
The  component  of  the  moment  to  roll  from  the  force  components. 

(il/J,  = pgr„  fitj-i  f cos  ((.fc  cos  x)A'.  + (k  sin  x)  l‘i]  dl  dX  (a-106) 

Expansion  of  the  contour  integral  gives  two  terms.  They  are 
cos  \(j}^  ~ ^ cos  cos  x)Ar,  + (jtsiiix)F«l</^nnd 

sin  (u,l  — e)  f n sin  f(it  Cf)s  x)A',  + (k  sin  x)  F«1  dl.  (a-W7) 


The  first  of  these  leads  to  an  antisymmetric  ex- 
pression which  is  again  neglected.  The  second 
leads  to  the  complementary  syunnctric  expression  where 


LBHl,'  sin  (w,/  — e) 


G^‘  = k sin  x 

The  resulting  moment  is 

= pgr „LB‘G/  sin  — <)  (a- 109) 


J'  •<({)>»’  cos  (yf  cos  x)  di 

= pgr„LB[B-GJ  sin  (co^  — e) 


(a-lOS) 

— IlZ  Gy  sin  (u,t  — f)]  (a- 110) 


The  rolling  moment  being  the  sum  of  expressions  There  remains  to  be  considered  lastly  the  moment 
(a-105)  and  (a-109)  is  consequently  to  pitch.  This  is  due  to  the  vertical  force  and  is 

A/j,  = pgr„  S-Li  § wAV'^'^^cos  ((ifecosx)A’,  -f-  {k  sin  x)  F,  — -f  e)  dl  dX  (a-111) 
Expansion  of  the  coiitom'  integral  gi%'es  two  terms.  They  are 
cos  (u)^  ~ cos  ((fe  cos  x)Ar,  + {k  sin  x)  F,]  dl  and 

sin  {uj  — f)  ^ sin  [(ife  cos  x)-Ti  + (k  sin  x)  F,]  dl  (a-li2) 


The  first  of  these  leads  to  a symmetric  expression 
which  may  be  neglected.  The  second  leads  to  the 
antisymmetric  expression 

L-BGi  sin  (a,!  — e) 

where 

G/  - M f-\  ivcii)  sin  (7?  cos  x)d{ 

(a- 113) 

The  pitching  moment  is  then 

yvf . = SIT!  (iJ^  — 1*4^ 

Under  certain  conditions  simplifications  in  the 
foregoing  formulae  for  forces  and  moments  can  be 
effected. 

(a)  When  the  waves  arc  long  with  respect  to 
the  ship, 

k —*■  0,  (k  sin  x)  F,  — ► 0, 

rW  =r(?)  ^ 1.  c(A-)  = c(?)  - 1 (a- 115) 


The  following  expressions  are  then  approached: 
Heave. 

F,  = pgr-.LBey'-''^'’  cos  (a),f  — e) 

'111  7?  cos  (7^  cos  x)  d^  (a-116) 

Svxiy — Zero. 

Roll — Zero. 

Pitch. 

Mj.  = \ ipgr„L^Ber(^^>  sin  c) 

Ju'  c*l  Sii'i  V COS  X)  ta-li/ J 

These  expressions  for  heave  and  pitch  are  in  ag[ree- 
ment  with  equations  (96)  and  (175)  of  reference 
[20]. 

(b)  When  long  seas  approach  from  the  beam, 
cos  X -*■  0,  sin  X -►  1 .•  cos  (yf  cos  x)  -►  1,  i{X)  = 
({)  -►  1,  « sin  X k,  the  following  expressions 
then  result. 
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t- 


I 
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Heave. 

F,  = pgr^ /I  (Z)es  <*^>  cos  (w,i  — t)  (a-118) 

Ft  = pgr^jfeVcz'*^’ sin  (w^  — t)  (a-119) 

Pt/cA — Zero. 

Roll. 

-'V'.-  “ pgr„*  — V2ez'*^']  sin  (w^  — c) 

(a- 120) 

This  expression  is  similar  to  that  for  the  righting 
moment,  equation  (a-77).  Wiiting  the  angle  of 
roll 


= <f>„  sin  (o)^  — f) 

and  assuming  that  ~ the 

equivalent  terms  are 

~ (a- 121) 

Since  [7,  — VZ]  = G.\f  V the  above  expression 
for  roll  may  be  written 


and 


, F,  M * 
f,  = jz- or  Y or 

M,  I, 


(a- 126) 


For  longitudinally  symmetric  vessels  the  solu- 
tion to  equation  (a-123)  is 


/. 


127) 


where  p,  is  a magnification  factor  given  by 


with 
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and 
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Mr  = pgV  G.M  rnke'’^'  sin  (w7  — «)  (a-122) 

which  corresponds  to  equation  (96)  of  Reference 
[24]. 


where  f,/v,^  is  a force  factor  for  unit  wave  am- 
plitude, such  that 

— , ^ r,n  E,  (a-13i) 


Solution 

The  hydrodynamic  coefficients  that  have  been 
derived  arc  now  entered  into  the  equations  of 
motion  (a-1).  If  these  are  divided  through  by 
the  virtual  mass  or  moment  of  inertia,  they  take 
the  form 


auu  where  t,  is  a phase  lag  given  by 

t,  = arctg  — (a-i:i2) 
The  general  solution  can  therefore  be  written 
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Oh  = 

M..  /*,  Ir 


as  the  case  may  be 
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V,  = 


R. 


A/f,  Ir 


‘) 

5 = r„E,ti,  (id7  - e - t.) 

(a- 133) 

(a-123) 

or,  specifically 

z = r„E,)i,  cos  (u)7  - t - €, ) ) 
^ = r„Ei,pi,  sin  {w^  — t — t^.)  > 

(a- 134) 

(a- 124) 

<f>  = r„ErMr  sin  (i*>7  — e — O ) 

where 

E,  = pgLBC' 

(a- 135) 

(a- 125) 

E^  = pgL^BG^" 

(a- 136) 

Er  = pgLBlB'^Gr’  - nZGJ] 

(a -1.37) 

DISCUSSION 


Mr.  B.  V.  Korvin-Kroukovskv,  Member: 
This  excellent  paper  consists  of  three  major  parts; 
The  first  gives  the  mathematical  description  of  a 
complex  sea  surface  by  summation  of  an  infinite 
number  of  simple  harmonic  waves:  the  second 


deals  with  the  response  of  a ship  to  a simple  har- 
monic wave;  and  the  third  gives  the  complex 
ship  motion  b^r  summation  of  motions  due  to 
simple  waves.  The  first  twci  parts  are  entirely 
independent  of  each  other,  and  therefore  require 
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separate  statements  as  to  the  assutnptions  made 
and  as  to  the  degree  of  the  validity  obtained. 

The  only  basic  assumption  made  in  the  first 
part  is  that  a ei  implex  form  of  sea  surface  can  be 
obtained  by  lineu.  superiKisition  of  simple  waves. 
This  appears  to  be  a valid  assumption  involving 
but  a negligible  error,  since  the  final  wave  within 
the  range  of  practical  interest  does  not  differ  too 
much  from  a trochoidal  one  of  1 : 20  height  to 
length  ratio,  the  maximum  surface  slope  of  which  is 
only  about  9 deg.  For  a sea  generated  by  a steady 
wind  the  points  from  a wave  record  are  said  to 
conform  to  the  normal  probability  curve,  and  this 
can  be  reasonably  accepted  as  a universal  law  of 
nature.  This  cannot  be  said  about  the  distribu- 
tion of  the  angles  x of  the  directions  of  wave  prop- 
agation which  are  responsible  for  the  short- 
crestedness. While  the  at'thors  stress  the  short- 
crestcdr.csc,  they  give  practically  no  in  formation 
on  the  choice  of  the  range  of  angles  x to  be  exfiected 
in  practice.  Yet  the  most  complicated  section 
of  the  entire  paper,  that  on  the  frequency  map- 
ping, seems  to  deal  with  the  significance  of  these 
angles.  Hence  a more  thorough  discussion  of  the 
origin  and  magnitude  of  these  angles  appears  to  be 
desirable. 

The  second  part  of  the  paper,  dealing  with  ship 
response  to  a simple  harmonic  wave,  is  said  to 
have  tw'o  basic  assumptions;  that  the  different 
modes  of  the  motion  are  not  coupled,  and  that 
they'  can  be  described  by  linear  differential  equa- 
tions. These  statements  cannot  be  taken  to 
apply  to  the  entire  second  part  of  the  paper,  but 
rather  to  the  mathematical  calculation  of  ship 
response,  by  which  the  authors  seem  to  be  fas- 
cinated to  the  detriment  of  the  fair  evaluation  of 
experimental  methods. 

To  start  with  it  is  said  that  only  three  modes 
of  motion  will  be  considered,  that  of  pitch,  heave, 
and  roll.  Theoretical  work  of  Haskind”  indi- 
cates that  pitch  and  heave  are  uncoupled  only  for 
a ship  not  moving,  but  are  coupled  at  a forward 
speed  even  for  a ship  symmetrical  fore-and-aft. 
However,  the  degree  of  error  in  considering  them 
uncoupled  is  not  known,  and  the  authors  have  a 
good  deal  of  pa.st  tiadition  in  considering  them  as 
iinooiinled.  This  cannot  be  said,  however,  about 
the  roll,  which  is  strongly  coupled  with  the  yaw, 
as  this  was  forcibly  brought  out  in  the  case  of  the 
Conte  u i Savoia.  Furthermore,  the  inertial  charac- 
tenstics  of  ships  provide  a coupling  of  pitch,  roll, 
and  yaw  in  quartering  sea.  This  being  the  case, 
theoretical  methods  of  this  part  of  the  paper  may 
be  accepted  for  the  ship  motions  in  pitch  and  heave 


D "Two  Papers  on  the  Kydrodynamic  Theory  of  Heaving  and 
Pitching  Ship,"  by  H.  D.  Haskind,  SNAMR  Technical  and  Research 
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only  ill  case  of  the  head  or  following  sea,  but 
cannot  be  considered  as  valid  either  for  the  roll 
or  for  the  pitch  and  heave  in  oblique  sea. 

In  the  discussion  of  experimental  methods  the 
authors  skip  briefly  over  the  evaluation  of  ship 
response  by  direct  test  and  devote  considerable 
space  to  the  experimental  determination  of 
various  coefficients  needed  tor  use  in  the  linear 
differential  equations  of  motion.  The  writer 
appreciates  the  quality  and  completeness  of  this 
exposition,  but  feels  that  it  is  irrelevant  to  the 
subject  of  the  present  paper,  since  the  response 
can  be  evaluated  by  the  direct  test  with  a lesser 
number  of  limiting  assumptions. 

•V  series  of  tests  can  be  made  by  towing  a model 
with  or  against  regular  waves  of  different  lengths. 
If  the  available  towing  distance  is  sufficient  the 
model  likewise  will  have  a simple  motion.  The 
ratio  of  the  maximum  model  heave  to  the  wave 
height,  of  inaximam  piteh  to  wave  .slope  and 
corresponding  phase  lags  ean  be  measured  readily. 
The  plots  of  these  quantities  versus  frequencies 
of  wave  encounter  will  give  directly  the  ship-rc 
sponse  functions  needed  for  the  application  of  the 
authors'  theory.  It  should  be  noted  that  while 
the  data  so  obtained  are  given  separately  for  heave 
and  pitch,  they  are  taken  from  the  records  of  the 
actuai  coupled  motion,  anil  tliciefore  do  not  con- 
tain the  limiting  assumption  of  noncoupling. 
By  the  same  token,  when  the  towing-tank  equip- 
ment '.vill  permit  a model  path  oblique  to  the 
direction  of  wave  propagation,  the  effects  of  the 
pitch-roll -yaw  coupling  will  be  represented. 

In  the  foicgoing,  the  obvious  method  of  meas- 
uring experimentany  ship  response  at  varying  fre- 
quencies was  described,  as  this  method  is  im- 
mediately available  with  the  use  of  the  existing 
towing-tank  equipment.  -Attention  should  be 
called,  however,  to  the  paper  by  Fuchs  and  Mac- 
Camy'‘  in  which  it  is  shown  that  response  func- 
tions can  be  obtained  from  the  analysis  of  ship- 
model  motions  in  a complex  sea.  One  still  has  to 
y/ait,  however,  for  a satisfactory  method  of  gen- 
erating a realistic  complex  sea  in  a towing  tank. 

In  the  third  part  of  the  paper,  occurs  the  as- 
sumption of  linearity  necessary  for  obtaining  the 
complex  ship  motions  by  summation  of  elemen- 
tary motions.  This  is  the  most  serious  limiting 
assumption  of  the  paper.  The  mathematicle 
evaluation  of  the  ship  response  is  necessarily 
limited  to  it.  Yet.  model  tests  in  1:20  wavsy 
show  the  pitching  to  be  so  violent  that  aiternate-e 
the  v/ater  is  taken  over  the  bow  and  an  appral 


••  'A  Linear  T‘het)ry  of  Ship  Molion  in  Irregiilar  Waves,"  by  R.  A. 
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ciable  length  of  the  keel  is  exfiosed.  Clearly 
there  can  be  no  linearity  here.  In  case  tlu- 
direct  experimental  method  is  used,  the  situation 
is  ameliorated  by  using  the  mean  value  of  the 
response  detennined  from  the  motion  of  the 
violence  found  in  practice. 

The  direct  experiiiientai  deterniiuation  of  shin- 
response  function  has  been  stressed  in  the  fere- 
going  because  the  methods  of  measureiiient  and 
tile  equipment  needed  are  immediately  available, 
and  because  it  increases  the  power  and  validity 
of  the  authors’  theory  by  taking  into  account  the 
cross-coupling  effects  of  various  inodes  of  motion, 
and  by  taking  care  partially  of  nonlinearity  by 
Using  mean  values  of  the  response  for  the  motion 
of  a practical  amplitude.  However,  a further  de- 
velopment of  theoretical  means  of  calculating  ship 
response  is  evidently  needed  in  order  to  show  not 
only  what  is  happening,  but  also  why  it  is  hap- 
pening. The  problem  of  ship  motions,  as  distinct 
from  the  sea  conditions,  has  to  be  recognized,  how- 
ever, as  a definitely  nonlinear  one. 

Two  directions  of  action  appiear  to  be  jxissible. 
Mathematicians  probably  can  tell  us  to  what 
extent  the  solution  of  a violently  nonlinear  prob- 
lem can  be  approximated  by  using  the  mean  v'alues 
of  functions  for  the  esf  itiui.tcd  amplitude  -of  motion. 
This  actually  is  done  when  the  experimental 
method  is  used,  but  in  this  case  the  amplitude  of 
motion  is  detennined  and  need  not  be  estimated. 
If  this  approach  can  be  justified  on  theoretical 
grounds,  the  analytical  calculatioiis  of  ship  ic- 
sponse  likewise  can  be  directed  to  cosnputatioii 
(probably  by  numerical  integration)  of  mean 
values. 

The  altc»'!iate  and  more  precise  approach  is  a 
Step-by-step  iiitefirratioii  of  nonlinear  equations  of 
dnotion,  as  for  instance  was  done  by  Hazeii  and 
Nims.'*  It  has  been  assumed  by  Kriloff'*  and 
recently  restated  by  Weinbluui  and  St.  Denis'' 
that  the  most  important  part  of  the  forcing  func- 
tion in  a seaway  is  due  to  the  changes  of  hydro- 
static pressure  gradient  in  waves  as  compared  to 
the  one  existing  in  still  water.  These  changes 
are  well  known  foi'  a simple  trochoidal  wave,  but 
are  not  directly  available  for  a complex  sea. 

It  appears  that  a valuable  e.xteiisiuii  of  the 
authors’  method  of  describing  a complex  sea  sur- 
face would  be  to  give  the  expressions  for  a cor- 
responding pressure  gradient  at  depth.  The  non- 


**  “Ciilculation  of  Motion  itftd  oiic.-vac.'*  of  a PitchinK  an«i  H^avinK 
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of  the  Stresses  Produced  by  This  Motitin."  by  A.  KriloP,  INA.  vol. 
37.  1806.  pp,  320-350. 
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"On  .Stre5‘'es  Kx|>erienced  by  a Ship  in  a .Seaway."  by  A.  Kriloff. 
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Authors'  biblioKraphy,  refs.  [20]  and  [24  j. 


linear  forcing  funofion?  and  the  ship  motions  can 
then  be  obtained  by  a numerical  step-by-stej) 
integration,  probably  using  electronic  computing 
machines.  This  would  lead  to  the  specific  de- 
scription of  the  ship  motion,  including  the  deter- 
mination of  the  phase  lag,  which  is  extremely 
important  in  lieterniinatic.i  of  accelerations,  bend- 
ing strcssv.v,  ^liju  wetness. 

The  present  pajxfr  is  believed  to  be  the  first 
attack  on  the  problem  of  ship  motions  made 
jointly  by  a naval  architect  and  an  oceanographer, 
and  the  authors  are  to  be  congratulated  on  the 
excellent  results  they  have  achieved.  It  is  hoped 
that  t.'»ey  will  continue  the  development  of  this 
subject. 

.Mr.  William  E.  Cu.m.mins,  Member:  This 
paper  is  a pioneering  investigation  which  intro- 
duces a new’  concept  Into  the  study  of  seaworthi- 
ness. The  idea  of  describing  the  motion  of  a ship 
in  a seaway  in  temis  of  its  energy  spectrum  is  a 
radical  departure  from  previous  methods  em- 
ployed in  this  field,  and  is  potentially  extremely 
useful  in  many  ways.  The  importance  of  this 
procedure  derives  from  the  fact  that  if  the  energy 
spectrum  of  a random  process  is  known,  the  statis- 
tics of  the  process  aic  esseiilialiy  detennined. 
Since  the  concept  of  the  energy  spectrum  is  cer- 
tainly the  best  mathematical  tool  at  present 
available  for  describing  landoni  phenomena  of 
this  sort,  the  jiaper  is  of  fundamental  importance, 
and  will  be  valuable  for  all  future  research. 

It  may  be  ixhnted  out  that  the  implications  of 
this  concept  extend  well  beyond  the  particular 
problem  considered  here,  since  any  oscillatory 
function  A,  which  is  a function  of  a stationary 
random  process  B,  can  be  described  in  terms  of  an 
energy  sjiectmni  which  in  general  is  a unique  func- 
tion of  the  energy  spectrum  of  5.  It  may  be 
difticult  to  determine  this  functional  relationship, 
but  the  existence  of  the  relationship  is  itself 
significant.  Thus,  if  the  nonlinearities  of  the 
equations  of  inotinn  are  such  as  to  invalidate  the 
authors’  analysis,  as  might  well  be  the  case  under 
storm  conditions,  the  solution  still  exists,  and  it 
may  be  found  if  the  investigator  is  sufficiently 
Clever,  1 hu5,  the  iiegieci  of  nonlmcarities,  cou- 
pling, and  other  phenomena  is  not  a liinit.ation  of 
the  concept  of  the  energy  spectrum,  but  only  of 
the-  particular  study  being  undertaken. 

it  is  regrettable  that  the  authors  have  not 
indicated  possible  applications  of  this  rather  diffi- 
cult theory,  since  in  that  way  they  could  have 
alleviated  the  pain  of  following  through  the  analy- 
sis. .\ctually,  there  are  nun'.crous  possible  ap- 
plications which  might  well  be  of  interest  both  to 
the  naval  arcliitect  anu  the  ship  operator. 
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For  instance,  the  naval  architect  has  always 
been  handicapped  by  the  lack  of  criteria  for 
evaluating  the  seaworthiness  characteristics  of 
proposed  designs.  He  has  fallen  back  upon 
experimental  studies  of  models  in  regular  waves 
(either  from  ahead  or  astern)  simply  because  there 
vras  no  alternative  for  getting  quantitative  data, 
although  he  was  fully  aware  of  the  limitations  of 
.such  data.  Now,  we  can  look  forward  to  some- 
tl.nng  better. 

When  the  oceanographers  can  present  us  with 
reasonably  good  mathematical  descriptions  of 
certain  typical  sea  states,  and  when  adequate 
analytical  or  experimental  facilities  -ore  available 
for  predicting  the  rnotio-.;  of  a vessel  in  a regular 
sea  from  any  direction,  the  naval  architect  can 
use  a much  more  rational  approach.  He  can 
pick  out  several  more  or  less  real'«»!C  mathcusatical 
models  of  typical  seaways  in  which  the  vessel  is 
expected  to  operate,  (say  winter  North  Atlantic 
storms  of  various  degrees  of  intensity)  and  deter- 
mine the  effect  of  loading,  course,  form,  and  so  on. 
upon  the  behavior  of  the  proposed  vessel  under 
these  conditions.  Such  a process  need  not  be 
verj'  accurate  in  order  to  be  superior  to  present 
methods,  so  the  mathematical  models  need  not 
be  too  precise  The  desigr.cr  would  tlien  have 
meaningful  criteria  in  the  form  of  average  period, 
amplitude,  standard  deviation,  and  so  on,  for  pre- 
dicting the  ship's  behavior  under  conditions  which 
are  likely  to  occur  in  service. 

If  the  ship  operator  is  considering  an  attempt  to 
modify  the  behavior  of  a vessel  by  adding  ballast 
(a  very  expensive  expedient),  he  is  likely  to  be 
interested  in  a eomparison  between  the  results  of 
such  a procedure  and  those  which  can  be  obtained 
simply  by  altering  the  course  slightly.  The 
methods  proposed  in  this  i)aper  should  provide 
such  infoi'inatioii. 

Aiiotucr  (Nibsiule  application  is  the  correlation 
of  stresses  in  stiiictural  members  with  the  sea 
state,  since  such  stresses  also  will  have  their  energy 
spectra.  If  these  spectra  could  be  tletermincrl 
from  the  spectrum  ni  the  seaway,  they  might  be 
useful  in  studying  hoili  fatigue  and  probable 
maximum  stress. 

The  authors  have  gone  a long  v.'ay  towards 
solving  theproblem  of  finding  the  energy  spectrum 
of  the  ship’s  motion.  In  doing  this,  they  have 
made  certain  assumptions,  which  in  general,  are 
reaviiiahle,  and  at  the  present  time  probably 
necessary.  However,  since  these  assumptions 
provide  the  principal  limitations  of  the  analysis,  1 
should  like  to  make  some  remarks  about  them. 

The  authors  have  restricted  their  development 
to  uncoupled  motions,  with  the  statement  that 
this  limits  the  theorv  to  vessels  whose  waterlines 


are  quasisymmetric  fore  and  alt.  However,  Has- 
kind  has  shown  that  heaving  and  pitching  oscilla- 
tions are  coupled,  even  in  vessels  which  are  sym- 
metrical fore  and  aft. ” It  would  be  interesting  to 
see  the  effect  of  coupling  upon  the  predicted 
energy  spectrum. 

The  authors  make  use  of  the  Froiide-Krylov 
hypotliesis  to  detennine  the  exciting  force.  As 
they  indicate,  no  attempt  has  yet  been  made  to 
evaluate  this  hypothesis.  Since  at  the  David 
Taylor  .Model  Basin  we  are  carrying  out  certain 
studies  which  are  related  to  this  problem,  some 
comments  about  the  Froude-Krylov  theory  based 
on  the  results  of  these  studies  might  be  of  interest. 

The  exciting  force  is  due  to  two  separate  effects 
acting  simultaneously;  (o)  There  is  a shift  in  the 
distribution  of  the  buoyant  forces,  since  the  wave 
profile  results  in  a change  in  the  shape  of  the  sub- 
merged volume;  and  (b)  the  pressure  distribu- 
tion over  the  hull  is  modified  by  dynamic  effects 
due  to  the  motitm  of  the  water.  In  the  Froude- 
Krylov  theory,  the  wave  profile  is  assumed  to  be 
due  to  the  seaway  alone,  unaltered  by  waves 
generated  by  the  vessel,  and  the  pressure  acting 
at  any  point  is  considered  to  have  the  same  value 
it  would  have  if  the  vessel  were  not  present. 
Hence,  the  statement,  "the  waves  act  on  the  ship 
but  the  ship  does  not  act  on  the  waves." 

We  have  investigated  the  forces  acting  on  sub- 
merged bodies  of  revolution  moving  with  a con- 
stant horizoiitul  velocity  under  a train  of  regular 
waves.  The  changes  in  the  flow  due  to  the  pres- 
ence of  the  botly  have  been  taken  into  considera- 
tion, but  the  waves  created  by  the  body  have  not. 
Since  there  arc  no  complications  because  of  a 
changing  wave  profile,  we  have  been  able  to  draw 
certain  conclusions  about  effect  (6).  In  general, 
the  vertical  force  involves  a primary  term  which 
is  proportional  to  the  wave  amplitude  and  a sec- 
ondary tenn  which  is  proportional  to  the  square  of 
the  wave  ampliiude.  The  primary  term  is  a linear 
function  of  the  ratio  of  ihe  velocity  of  the  body  to 
the  celerity  of  the  waves.  Surprisingly,  the  effect 
ol  a change  in  this  ratio  is  much  gicater  for  slender 
bodies  than  for  short,  blunt  'ixjdies.  For  long, 
slender  b<idioc.  this  terjn  is  zero  vvheii  ihe  body 
velocity  is  twice  the  wave  velocity.  The  second- 
ary term,  which  is  independent  of  the  forv.'ard 
velocity,  is  usually  small,  but  for  high  waves  it 
can  assume  significant  values. 

From  these  results,  we  can  conclude  that  the 
Froude-Krylov  theory  should  be  used  with  some 
caution.  Since  this  theory  predicts  forces  which 
are  independent  of  the  speed  of  advance,  its 
treatment  of  the  dj'namic  effects  is  completely 
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inadequate,  and  in  cases  wliere  these  are  im- 
portant, it  might  lead  to  serious  errors.  To  the 
extent  that  the  exciting  force  is  due  to  the  change 
in  the  distribution  of  buoyancy,  which  may  be  the 
dominant  effect  for  surface  vessels,  it  is  probably 
much  more  reasonable. 

The  occurrence  of  terms  involving  the  s<|uare 
of  the  wave  amplitude  is  also  of  significance. 
While  the  authors  have  limited  their  discussion 
to  small  waves  and  small  motions,  I trust  that 
they  will  nut  so  limit  themselves  in  their  apjdica- 
tions  of  the  theory,  since  it  is  the  large  motions 
which  arc  of  interest  both  to  the  naval  architect 
and  the  passenger.  Therefore,  sioiilincar  effects 
predicted  from  the  lin.earized  theory  may  deserve 
some  attention.  The  existence  of  the.se  terms 
also  indicates  that  when  two  wave  trains  of  dif- 
ferent periods  are  superimposed,  the  resulting 
exciting  force  v/ill  include  certain  ’‘coupling'' 
tenus  as  .•!  result  of  the  interference  of  the  two 
systems.  Thus,  there  may  be  an  appreciable  ermr 
merely  in  adding  the  separate  responses  to  ftinl  the 
combined  response. 


* 


Mr.  Edward  V.  Lewis,  Member:  This  excel- 
lent paper  is  the  outcome  of  a most  successful 
collaboration  between  an  oceanographer  and  a 
naval  architect.  When  all  the  implications  have 
been  explored,  it  undoubtedly  will  prove  to  be  of 
fai-reaching  significance  in  naval  architecture, 
particularly  it  is  believed  from  the  {wint  of  view 
of  making  possible  improvements  in  hull  design 
which  will  in  time  result  in  imiwrtant  advances  in 
the  all-weather  spewis  of  ships  of  all  types.  Log 
data  show  that  in  really  bati  weather  services 
speed  loss  is  not  due  mainly  to  added  resistance 
but  to  voluntary  reduction  of  |X)wer  to  retluce  the 
■violence  of  the  ship's  motions.  Consequently, 
our  interest  in  the  motions  of  ships  is  not  siinplv 
in  making  ships  more  comfortable,  but  in  reducing 
or  modifying  the  motions  in  a se.iway  so  that  full 
power  can  be  maintained  in  the  face  of  more  severe 
sea  conditions. 

From  the  point  of  view  of  the  practical  naval 
architect  then,  it  would  seem  that  the  most  sigiiifi- 
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the  resf)onse  of  a ship  to  a confused  sea  need 
not  he  dealt  with  as  a continuous  succession  of 


transients,  which  would  ‘De  hopcicss  to  analyze, 
but  as  a steady-state  process;  that  the  response 
is  equal  to  the  sum  of  the  separate  responses  to  a 
large  number  of  simple  waves. 

This  opens  the  way  for  the  immediate  adv.ance 
of  our  knowledge  of  ship  motions.  Hitherto,  we 
have  been  uncertain  as  to  how  to  interpret  the 
results  of  model  tests  in  regular  waves,  but  now 
the  possibility  is  provided  of  using  the  model  tests 


ill  regular  waves  as  the  building  blocks  (respon.s!;-- 
amplitudc  operators)  to  construct  the  expected 
behavior  of  the  ship  in  statistical  terms  in  any 
rv.-.-p.T  /•virfjTin  I’liiuplex  sea  situations.  Of  course, 
the  foregoing  hypothesis  must  be  verified  in  some 
way.  One  method  would  be  to  use  model  tests  in 
complex  seas,  and  it  is  to  be  hoped  that  facilities 
for  tests  uialer  such  conditions  will  soon  become 
available  somewhere.  The  question  will  then 
be  as  to  how  “complex"  the  tank  waves  must  be; 
e g.,  how  many  components  are  needed  to  create 
a sen  which  for  the  purpose  of  ship  motions  is 
satisfactory. 

The  criterion  is  clearly  not  the  same  as  the 
oceanograjiher’s  criterion  in  attempting  a scientific 
representation  of  the  surface  down  to  the  last 
ripple.  Even  if  the  theory  is  found  to  apply  only 
to  comparatively  low  seas,  it  undoubtedly  will  he 
of  great  value  in  obtaining  qualitative  indications 
of  the  effects  of  modifications  of  hull  form  and  pro- 
IKirtioiis  on  ship  motions  at  sea. 

Let  us  consider  now  the  basic  problem  of 
ileterininiiig  the  “building  blocks"  or  response- 
amplitude  operators,  which  may  be  visualized  as  a 
family  of  curves  showing  the  amplitude  of  pitch, 
for  exainjilc,  in  waves  of  say  1 ft  height  (full  scale) 
an<l  var\-ing  length,  with  a different  curve  for  each 
of  several  sthp  siieeds  and  for  various  headings. 
The  best  available  method  tor  detenninmg  such 
curves  is  by  model  tests,  since  they  involve  no 
artificial  assumptions  and  give  the  complete  pic- 
ture regarding  the  interaction  or  coujiliiig  between 
pitch  nnd  heave.  It  is  not  meant  to  minimize 
the  impv,,  lance  of  the  developintut  of  theoretical 
methods  of  calculation  of  the  response-amplitude 
operators,  the  problem  to  which  one  of  the  authors 
has  <lcvotcd  so  much  effort.  However,  until  they 
have  been  oonfinned  by  model  tests,  as  con- 
templated in  Mr.  St.  Denis'  earlier  paper,’-'  the 
writer  tloes  not  see  how  we  can  adopt  them  in 
preference  to  the  direct  experimental  determina- 
tion. The  niethods  of  the  paper  appear  much 
stronger  if  not  made  to  depend  upon  the  accuracy 
of  theoretically  calculated  operators. 

Incidenlally,  the  paper  does  not  seem  to  do  the 
fcxix'riincntal  methods  full  justice,  since  the 
“severely  restricted  conditions”  for  pitch  and 
heave  are  certainly  the  most  important  condi- 
tions to  be  studied — head  and  following  seas. 
Facilities  for  model  testing  in  regular  oblique 
seas  can  and  should  be  provided  to  furnish  the 
operators  lor  other  directions  ol  motion  of  the 
ship  relative  to  the  waves.  Meanwhile,  however, 
approximations  for  pitch  and  heave  are  obtaina- 
ble in  a conventional  straight  tank  in  the  following 
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way,  at  least  for  heading  angles  within  about 
±4f)  deg  from  bow  or  stern.  For  a heading  angle 
X,  the  model  is  tested  head-on  into  substitute 
waves  of  length,  X/cos  x,  and  the  dinerenee  in  the 
wave  profiles  on  the  port  and  starboard  sides  'hie 
to  obliquity  of  heading  is  negleeted.”  The  period 
of  encounter  will  be  different  from  that  desired, 
sinee  the  velocity  of  the  substitute  wave  will  be 
higher  than  one  of  length  X.  Hence,  the  model 
speed  must  be  modified  to  give  the  correct  period 
of  encounter.  (For  a sea  45  deg  off  the  bow  this 
amounts  to  a 50  per  cent  increase  in  speed.)  How 
serious  the  error  may  be  in  using  the  incorrect 
speed  is  of  course  uncertain. 

Another  method  of  obtaining  the  operators  in  a 
straight  tank  can  be  used  if  the  part  of  the  theory 
can  be  verified  which  says  that  the  operators  can 
be  separated  into  a magnification  factor  n,,  de- 
pending only  on  frequency  of  encounter,  and  a 
factor  Es,  which  is  a function  of  effective  wave 
length  and  ship  speed  equation  (2.4)  of  the  pap-r. 
If  Ihe  damping  coefficient  also  can  be  obtained  by 
a .separate  test  in  the  manner  described  in  the 
paper,  it  is  a simple  matter  to  compute  the  n, 
as  tested  and  as  desired  to  correspond  with  the 
coiTect  period  of  encounter.  The  operator  A, 
determined  at  correct  speed  can  then  be  coiie«  led 
by  multiplying  by  the  ratio  of  the  ii, -values.  How- 
ever, since  tlie  coi  ieciloiis  wili  be  different  for  pitch 
and  heave,  the  existence  of  coupling  between  the 
motions  will  introduce  complications  which  may 
be  serious.  .It  any  rate,  xve  do  not  need  to  wait 
for  either  wide  tanks  or  the  perfection  of  the  ana- 
lytical calculation  of  rebponse-aniplitude  opera- 
tors to  apply  the  jxiwerful  methods  presented  in 
this  paper. 

Coming  now  to  the  mathematical  representation 
of  the  sea  surface  presented  in  tlic  jiaper,  it  seems 
to  have  most  of  the  properties  of  the  actuai  sea, 
and  is  undoubtedly  much  more  realistic  than 
oilier  scheines.  However,  the  writer  is  sure  ihe 
authors  do  not  mean  to  give  the  impre.ssiou  that 
the  problem  of  ocean  wave  patterns  has  been 
solved  completely — as  the  opening  quotation 
says,  “Mathematics  can  never  tell  you  what  is; 
only  what  would  be  if  ’’  Tt  <s  hard  to  compare 
pieseiiiiy  available  data  on  ocean  waves  with  this 
theoiw,  expect  perhaps  wave  heights.  Here  we 
liiiu  that  the  theory  gives  much  lower  heights  at 
moderate  wind  velocities  than  Kempf  s chart  for 
the  North  Atlantic.  For  a 20-kriOt  wind,  refer- 
ence [1.5]  of  tlie  paper  gives  an  average  wave 
height  of  5 ft  and  a “significant”  wave  height  of  8 
ft  for  a hilly  developed  sea,  whereas  Kempf  gives 
a height  of  14  ft.  With  increasing  wind  velocity 
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the  results  come  closer,  so  that  for  a 40-k:not  wind 
an  average  height  of  28  ft  and  significant  height  of 
45  .ft  agrees  .veasonabiy  well  with  Kempf's  40  ft. 
On  the  other  hand,  the  average  heights  agree  quite 
well  with  Kent's  formula,  wave  height  in  ft  — 
A'  (true  wind  speed  in  knots)  *,  where  K = and 
/64  for  winds  below  and  above  20  knots,  respec- 
tively. Thus,  the  paper  provides  additional 
evidence  that  average  wave  lieights  in  moderate 
winds  are  lower  than  generally  has  been  believed. 

For  other  reasons  than  wave  height,  the  theo- 
retical spectrum  for  a short-crested  sea  (Fig.  1.6) 
must  be  used  with  caution.  It  represents  an 
idealized  case;  a steady  wind  blowing  for  a long 
time  over  an  initially  calm  surface.  For  ship- 
design  problems  we  need  to  know  a great  deal 
more  about  the  typical  values  of  fetch  and  dura- 
tion to  be  found  on  the  various  sea  routes  of  the 
world,  since  these  determine  the  maximum  de- 
velopment of  t'nc  spectrum  to  be  expected.  Fur- 
thr-nnore,  uii  stormy  routes  such  as  the  North 
Atlantic,  storms  rarely  if  ever  build  up  a .sea  over  a 
calm  surface.  We  would  expect  a swell  to  be 
present  from  a previous  stonn,  for  instance,  and 
the  combined  spectrum  certainly  would  be  much 
different  from  the  ideal. 

Kent  describes  the  tyiiical  storm  condition  in 
the  Nor*h  Atlantic  as  one  of  constantly  changing 
wind  force  and  direction.  When  the  wind  direc- 
tion shifts  suddenly,  a second — and  sometimes  a 
third — cross  sea  soon  builds  up  forming  “hum- 
mocks” much  greater  in  height  than  normal  for 
that  wind.  It  might  well  be  that  the  condi- 
tion could  be  described  adequately  much  more 
siinplv  by  two  long-crested  seas  of  different  direc- 
tion. It  Seems  then  that  observational  data  on 
the  actual  spectra  observed  on  nifferent  routes 
arc  needed,  the  theory  of  the  first  section  of  the 
paper  providing  an  invaluable  foundation  for  de- 
tailed sea  obsi.Tvation.  It  is  to  be  hoped  that  the 
oceanographers  can  fill  this  gap  for  us. 

Realizing  that  ship  responses  to  simple  waves 
may  be  secured  readily  from  model  tests  and  that 
typical  ocean-wave  spectra  an;  obtainable,  we 
arc  still  faced  with  the  somewhat  involved  problem 
of  the  frequency  mapping,  if  we  are  to  obtain  the 
ship  response  to  a confused  sea.  This  complica- 
tion comes  about  as  a result  of  the  authors’  rigoi  - 
ous  treatment  of  short-crested  seas,  involving  an 
angular  integration  with  varying  frequencies  of 
encounter.  The  (jiiestion  arises  as  to  the  signifi- 
cance of  chc  shori-crestedness  for  the  problem  of 
ship  motions,  particularly  the  motions  of  pilch 
and  heave.  .\s  a praclicui  matter,  most  of  the 
wave  energy  in  h'ig.  1.6  seems  to  be  concentrated 
within  ±30  deg  of  the  dominant  direction.  Con- 
sidering the  situation  carefully,  one  may  concliine 
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that  for  head  and  following  seas,  the  difference 
between  using  a short-crested  sea  or  one  with 
infini  .ely  long  crests  would  be  insignificant,  since 
the  nsaximum  variation  in  effective  wave  lengths 
and  periods  would  be  by  a factor  of  cos  30  deg  (>r 
O.SiS.  For  other  wind  directions  the  cosine  error 
increases;  v.'itli  a.  bean:  sea,  i!s-c  long-crested  case 
would  give  a zero  pitching  moment,  for  example. 
For  other  than  head  and  following  seas,  the  writer 
suggests  that  two  or  three  long-crested  seas  of 
different  direction  might  be  si^lecteH  wliich  would 
be  essentially  equivalent  to  the  ideal  short-crcsted 
sea  and  simplify  the  problem  greatly.  Then  a 
simple  addition  of  tenns  would  replace  a compli- 
cated mapping  and  angular  integration,  and  even  a 
cross  sea  would  not  introduce  serious  compli- 
cations. Ships  sceui  to  he  So  sensitive  to  resonant 
periods  (as  discussed  later)  that  fairly  large 
changes  in  the  wave  spectrum  may  not  have  ap- 
preciable effect  on  the  response  spectrum.  .\t 
any  rate,  consideration  should  be  given  to  other 
important  effects  —as  the  cross  stas  previously 
mentioned — and  sonic  actual  cases  should  be 
worked  out  numerically  to  determine  the  signifi- 
cance of  the  rigorous  short-crested  representation. 

Whether  or  not  long-crcsled  seas  can  be  used  in 
all  cases,  there  can  be  no  doubt  that  dealing  with 
the  simplified  case  of  a single  long-crested  sea  is 
most  helpful  for  gaining  an  understanding  of  the 
principles  involved.  To  this  end  it  would  be  use- 
ful to  have  a scale  added  to  Fig.  l.S. 

Using  numerical  values  from  reference  [lo],  a 
few  examples  have  been  worked  out  for  a typical 
ai'p  using  appro.ximate  response-amplitude  opera- 
tors from  a model  test,  which  show  clearly  that  in 
a storm  with  winds  of  30  knots  or  more  if  the 
spectra  of  Fig.  1 .8  arc  typical — the  response 
spectra  are  much  narrower  than  the  wave  spec- 
trum, with  the  peak  close  t<*  the  synchronous  fre- 
quency. This  serves  to  explain  the  often  rei'jorted 
fact  that  in  heavy  seas  ships  u.sually  roll  and  pitch 
very  close  t o their  natural  periods.  The  methods 
of  this  paper  supply  the  means  of  studying  this 
problem  in  detail. 

if  it  is  established  that  storm  spectra  are  really 
b^oad  and  continuous,  i.e.,  that  there  is  always  a 
wide  range  of  wave  frequencies  present,  this  fort 
changes  our  whole  viewpoint  on  ship  motions. 
We  then  no  longer  can  hope  to  find  dominant  wave 
lengths  in  a confused  sea  or  expect  a design  based 
on  some  average  wave  length  and  height  to  be  the 
optimum.  Furthe.'more,  it  so  happens  that  the 
natural  pitching  and  heaving  perioils  of  sliips  are 


such  that  at  normal  speeds  they  are  likely  to  co- 
incide with  the  periods  of  encounter  of  some  com- 
Dorents  of  a typical  storm  sea  as  described  by  the 
authors’  .spectra,  no  matter  what  the  heading. 
Hence,  the  difficulty  for  a normal  ship  to  avoid 
serious  pitching  and  heaving  in  a real  storm  is 
clearly  explained. 

For  example,  the  .30  knot  spectrum  of  Fig.  1.8, 
shows  that  the  important  frequencies  present 
correspond  to  wave  lengths  ranging  from  200  to 
loOO  ft,  of  which  those  from  300  to  1200  ft  would 
be  expected  to  exert  large  pitching  moments  on  a 
.')00-ft  ship. 

Valuable  as  this  paper  is,  there  are  one  or  two 
things  the  naval  architect  still  needs  in  order  to 
solve  the  problems  of  improved  sea-keeping  quali- 
ties. One  is  a knowledge  of  the  accelerations  as 
well  as  the  inn|)litudes  of  motion.  Another  is  to 
know  the  relative  position  of  the  ship  in  relation 
to  the  wave  |)attern  I'.roducing  the  motion.  The 
latter  is  necdetl  for  judging  the  wetness  of  decks 
atul  the  tendency  of  the  propellers  to  race;  it  is 
iieerled  for  calculating  stresses  in  complex  seas 
and  investigating  the  phenomenon  of  slamming. 
.\ithough  the  paper  suggests  the  possibility  of 
more  complicated  statistical  methods  of  getting  at 
the  phase  relationships,  a simj)ler  technicjuc  of 
detenniniiig  the  instant-by-instant  motion  ol  the 
ship  in  relation  to  a typical  complex  wave  pattern 
of  any  desired  length  woultl  suffice. 

It  may  be  of  interest  to  add  a brief  summary  of 
the  simplified  method  of  calculation  resulting  when 
a single  long-crested  random  sea  is  used,  and  per- 
ha{)S  the  authors  can  correct  any  oversights.  The 
seaway  is  represented  by  equation  (1.18)  of  the 
paper,  for  a definite  value  of  headin?  angle  x- 
The  wave  spectrum  at  a fixed  point  [rfoj)]-  is  of 
the  form  of  Fie.  l.S.  When  transformed  to 
the  axes  moving  with  the  ship,  equation  (l.iS) 
takes  the  following  form,  derived  from  equation 
3.12  with  .V,  and  put  ecjual  to  0 (since  we  are 
dealing  with  the  motion  of  the  center  of  mass  of 
the  ship) ; 

r(t)  = cos  t + elV[r(a),)l-  f.'u-, 
c 

in  which  oi,  is  given  by  equation  (3.2).  The  spe.r- 
truas  [r(a:,)]=  is  obtained  from  [r(«.’)]^  very  simply 
by  replotting  points  on  the  spectnnn  curve  for 
different  values  of  •;•.>  at  the  correct  value  of  u, 
equation  (3.2),  and  multip.lymg  by  the  Jacobian. 
The  value  of  ct,  is  obtained  from  equation  (3.15) 
for  each  value  of  av.  (For  head  seas  the  spectrum 
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is  thereby  widened;  for  following  seas  narrowed.) 
In  the  case  of  following  seas,  the  necessity  of 
dividing  the  spectrum  into  regions  I,  II,  and  III 
becomes  immediately  evident,  for  the  curve 
usually  doubles  back  on  itself  and  may  extend 
into  negative  frequencies.  (In  the  case  of  head 
seas,  only  region  I is  involved.) 

Points  on  the  ship-response  spectrum  are  then 
obtained,  from  [il'we)]'  = lr(u),i  j-[(/l,){a),) ]-  (eq. 
-i.  10  siu'.plificd)  (with  a micras  sign  in  region  III), 
since  the  definition  ot  lr(a),)  ]-  already  involves  the 
Jacobean.  Here  [(y4,)-(oor)]-  is  the  scjuarcd  value 
of  the  response-amplitude  operator,  obtained  by 
calcul.ation,  model  test,  or  a combined  method- — 
for  a particular  value  of  wave  length,  ship  speed, 
and  heading  angle  (hence  fixed  x<)-  The  operator 
will  be  in  the  form  of  degrees  of  pitch,  or  feet  of 
heave,  per  foot  of  wave  height. 

The  quantity  R*  is  finally  obtained  by  cvaluc.ting 
equation  (4.14) 

R.*  = 

c 

If  other  than  region  I is  involved,  each  must 
be  dealt  with  separately,  as  described  in  the  paper. 
The  average  amplitude,  '’significanf  amplitude, 
and  so  on  may  then  be  obtained  from  by  the 
methods  of  the  last  sretion  (equations  *>.  1 1,  .").  12, 
.o.i;i). 

C O'D.  IsKUN,'’'  '.'iAitor:  Some  rather  novel 
measurements  are  tmw  being  made  in  order  to  fur- 
nish suitable  data  for  testing  this  most  promising 
new  theory.  The  work  is  being  carried  out  under 
a 2-year  contract  between  the  W'ihkIs  Hole  Oceano- 
graphic Instittition  and  the  Oflicc  of  .'-.'aval  Re- 
search, and  has  been  in  progress  for  about  b 
months. 

A 3()-ft  launch  has  been  selected  and  cquipiied 
with  means  of  recording  pitch  roll  and  heave. 
Two  methods  of  recording  the  statistical  charac- 
teristics of  the  waves  in  which  the  launch  is  op- 
erated have  been  developed.  .-\  capacitance-type 
wave  icLorder  will  give  the  energy  spectrum  of  the 
waves  at  a single  point.  Since  the  observations 
are  being  made  under  a high  bridge  across  Nar- 
ragunsett  Bay,  by  means  of  stereophotography 
it  is  also  possible  to  observe  the  tvvo-dinieiisionai 
characteristics  of  the  waves  in  which  the  boat  is 
operating.  The  response-amplitude  operators  of 
the  launeh  aic  culculalcu  oi  measuiei!  direeiiy. 


The  variables  then  are  the  characteristics  of  the 
sea  surface  in  the  operating  area,  the  speed  of  the 
launch  and  the  angle  of  attack.  Trim  and  bal- 
lasting reinuin  fixed.  Provided  the  accuracy  of 
each  of  the  several  types  of  observations  secured 
siiiiultaneon.sly  can  be  demonstrated  clearly,  the 
differences  between  the  observed  motions  of  the 
launch  and  the  motions  predicted  by  the  authors’ 
theory  will  depend  on  the  hull-induced  niodifica- 
iions  of  the  natural  wave  systems  present.  This 
means  that  agreement  between  the  measurements 
and  the  theory  should  be  best  at  low  speeds  and  in 
relativelv  small  waves. 

Some  of  the  practical  difficulties  that  have  been 
encountererl  will  perhaps  be  of  interest.  It  has 
been  found  necessary  to  work  at  slack  water  for 
several  reasons.  Since  the  wave  pole  is  moored, 
only  at  slack  water  is  the  record  free  of  Doppler 
effect  for  the  smaller  waves  present.  But  perhaps 
of  more  importance  is  the  effect  of  the  tidal  cur- 
rents Oil  the  course  of  the  launch  when  running 
at  nil  angle  across  the  bay.  If  her  heading  rela- 
tive to  the  wind  is  kept  constant,  a.«  it  must  be, 
it  is  most  ilifficult  for  the  boatman  to  judge  the 
set  of  the  current  so  as  to  pass  under  the  center  of 
the  bridge. 

Each  run  lasts  7 ' ■>  inin  in  order  to  provide  an 
adequate  record  of  pitch,  roll,  and  heave.  Since 
each  set  of  observations  involves  runs  on  five  head- 
ings, if  no  mistakes  are  made,  it  takes  at  least  40 
inir:  to  secure  a coiiipicte  series  of  data.  Further- 
more, during  this  time  the  characteristics  of  the 
waves  must  remain  constant.  This  means  that 
the  v^iiid  must  continue  in  the  statistical  sense 
steady  in  ilirection  and  strength,  and  that  there 
be  no  boat  traflir  in  the  area.  During  the  summer 
months  it  was  not  practical  to  await  times  when 
all  these  conditions  were  fulfilled  in  all  respects 
siinultaneously. 

The  instrumentation  has  been  checked  thor- 
oughly and  one  conqilete  scl  of  observations  at  6 
knots  in  il-ft  waves  has  been  obtained. 

One  principal  uncertainty  remains.  We  do 
not  know  for  certain  under  what  circumstances 
tl'.e  significant  statistical  characteristics  of  small 
waves  approach  those  of  a fully  developed  sea. 
.\ftcr  a good  deal  of  effort  it  now  appears  that  wc 
can  obtain  reliable  measurements  of  the  • mves 
passing  under  the  Jamestown  bridge,  but  no  such 
kigh-quallty  liuia  aic  yet  available  from  the  open 
ocean.  This  perhaps  is  not  critical  for  the  pri- 
mary punxise  of  the  present  measurements,  for 
the  tl'.eory  should  give  the  respionsc  of  the  launch 
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in  question  to  iiiiy  sorts  of  waves,  but  of  course 
it  also  would  be  desirable  to  test  the  theory  under 
conditions  approxiiiialing  storm  waves. 

Under  a contract  with  the  Bureau  of  Ships  work 
also  is  in  progress  at  \V(mk1s  Hole  on  the  develop/- 
incnt  of  a reliable  ojieil  oeean  wriv^e  reenrder 
Enough  experience  already  lias  been  gained  to 
show  that  it  will  not  be  easy  to  develoj)  an  instru- 
ment capable  of  recording  extreme  conditions. 
This  is  csjH'cially  the  case,  if  tlie  over-all  ilimcii- 
sionsof  the  instrument  arc  to  be  hejit  to  reasonable 
limits.  However,  if  the  seakceping  problem  is  to 
be  advanced,  it  is  clearly  desirable  to  obtain  as 
rapidly  as  possible  some  complete  measnrcmciits 
of  the  characteristics  of  storm  waves. 

.-\n  oceanographer  is  accustomed  to  having  to 
s<.curc  his  measurements  when  and  if  Nature  offers 
a favorable  and  conclusive  opportunity.  Never- 
theless, it  must  be  admitted  that  the  approach 
which  has  been  outlined,  involving  measuremeuts 
of  the  motions  of  a small,  |)ractioal  vessel  in  rela- 
tively large  natural  waves,  requires  considerable 
patience.  However,  in  theory  at  least  it  over- 
comes strmc  of  the  fundamental  difticulties  of 
studying  ship  motion  in  the  towing  tank. 

Dr.  K.  S.  M.  D.wtnsor,  Vice-Presuieni: 
This  paj)er  is  tangible  evidence  of  what  ! am  con- 
vinced has  long  been  ovtrd.ue;  namely,  a close- 
collaboration  between  an  oocanograj)her  and  a 
naval  architect,  working  together  on  the  subject 
of  ship  motions.  I am  naturally  pleased  to  know 
that  some  remarks  of  mine  may  have  been  partly 
responsible,  as  the  authors  suggest. 

/ I believe  that  this  collaboration  rejiresetit  a mile- 
stone in  the  development  of  a proper  understand- 
ing of  the  seakceping  characteristics  of  ships. 
Its  full  implications  jrrobably  will  not  be  evident 
for  some  time.  The  important  thing  now  is  that 
a start  has  been  made.  If  this  start  looks  unduly 
complicated,  I would  say  only  this;  that  surely 
most  of  the  past  w<>rk  on  the  seakceping  charac- 
teristics of  ships  has  been  unduly  ovcrsim|)lificd. 

I -will  confine  myself  to  one  or  two  Ijrief  general 
comments  on  the  paper. 

As  I understand  it,  there  arc  three  basic  con- 
cepts, which,  taken  together,  form  an  orderly  and 
complete  pattern: 

1 The  mathematical  representation  of  the  con- 
fused sea  surface. 

i The  analytical  determination  of  the  re- 
sponses of  the  ship  or  model  to  simple  waves. 

3 The  statistical  determination  of  the  re- 
sponses of  the  ship  to  confused  seas. 

Considering  first  the  representation  of  the  con- 
fused pattern  of  the  sea  surface,  the  method  pre 
sented  appears  to  be  important  in  providing  a eo- 


lureut  mathematical  framework  on  which  to 
build.  What  is  needed  now  seems  to  be  more  in- 
fonnation  from  the  oceanographers  regartling  the 
actual  .sea  spectra  likely  to  be  met  with  under 
various  conditions.  I find  it  very  difficult  to 
beiiev.,  however,  that  completely  random  seas 
are  needed  to  meet  the  requirements  of  realistic 
studies  of  ship  motions,  and  it  is  obvious  that  re- 
duction to  a (small)  finite  number  of  wave  com- 
jMmeiits  would  effect  a very  considerable  simpli- 
fication for  the  naval  architect  attempting  to 
improve  the  seakceping  characteristics  of  his  ships. 

Turning  next  to  the  dciennination  of  the  re- 
sponses of  the  ship  or  model  to  simple  waves,  this 
is  an  area  in  whicli  the  model  test  is  already  es- 
tablished. 1 suspect  that,  assuming  the  existence 
of  facilities  fur  conducting  tests  at  angles  other 
than  00  <lcg  with  the  wav’c  crests,  the  model  lest 
will  remain  for  some  time  to  come  the  principal 
.source  of  the  needed  information.  However,  it  is 
miiicccssiirx’  to  argue  here  the  relative  advantages 
of  analysis  ami  experiment  for  the  purpose.  The 
imiKirtant  point  of  the  paper  is  the  concept  that 
the  response  to  simple  waves  is  all  that  is  needed. 

Coming  now  to  the  third  concept,  that  of  deter- 
miniiig  the  responses  of  the  ship  to  confused  seas 
by  the  summation  of  the  resjionses  to  simple 
waves,  this  strikes  me  as  perhaps  the  most  signifi- 
cant concept  of  the  three.  If  it  can  be  established 
as  valid,  then  with  the  first  two  concepts,  a com- 
plete pattern  is  at  hand  for  assessing  the  relative 
motions  of  different  ships  at  sea  and  of  evaluating 
their  relative  seagoing  characteristics. 

The  thesis  as  a whole  rests  on  the  basic  notion 
that  ships  at  sea  may  behave  very  diffcrentl}' 
from  nioilels  in  siinplj  (regu'ar)  waves.  I sub- 
scribe fully  to  this  notion,  and  have  said  so  before 
now.  But  whether  the  pattern  that  the  authors 
have  proposed  for  getting  out  o;  the  difficulty  is 
workable,  or  v/iil  in  itself  lead  to  the  desired  end, 
remains  to  be  seen.  I suspect  that  it  is  only  one 
of  several  ajiproaehes  that  will  need  to  be  ex- 
jilored  thoroughly  before  we  know  where  W'e  are 
with  assurance. 

On  one  point,  however,  there  can  be  little  ques- 
tion. Far-reaching  analyses  of  some  sort  are 
surely  needed  if  we  are  to  advance  our  under- 
standing of  an  obviously  difficult  subject,  and 
put  ourselves  in  a position  to  take  advantage  of 
the  advances  in  power-plant  desigii  that  are  cer- 
tain io  come  in  iiie  iieai  future.  We  cuniiot  pro- 
ceed by  empirical  tests  alone. 

I trust  that  the  authors  will  accept  my  con- 
gratulations on  the  work  they  have  done.  And  I 
echo  their  hope  that  collaboration  between 
oceanogs’aphers  and  naval  architects  will  continue, 
to  the  pleasure  and  profit  of  both. 
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Mr.  V.  G.  SzEBEiiELY.  Member:  Thf  authors 
are  to  be  congratulated  for  attempting  a paper 
on  an  interesting  and  difficult  subject;  a pajar 
v.'orthy  of,  as  well  as  requiring,  much  study. 

This  discussion  takes  up  three  questions,  each 
of  immediate  interest  to  the  naval  architect. 
The  first  comment  is  of  a theoretical  nature. 
It  questions  the  necessity  of  the  use  of  the 
energy  integral  and  suggests  a possible  substitute 
which  is  son:ewhat  less  sophisticated  and  more 
commonly  known  to  the  engineer.  The  second 
comment  deals  wdth  tlie  Gaussian  j)roperty  of  the 
confused  sea  and  describes  some  recent  attempts 
at  tlie  David  Taylor  Model  Basin  to  produce  such 
sea  conditions  The  third  comment  deals  'vith 
the  application  of  the  stati^'tical  appnjach  to  an 
actual  problem  i!i  seaworthiness. 

i The  following  oversimplified  discussion  in- 
tends to  show  how  the  response  of  a linear  system 
to  a random  input  can  be  computed  without 
making  use  of  the  energy  integral.  The  sim- 
plification consists  of  concentrating  on  the  dif- 
ferential equation  of  the  motion  of  the  ship  and 
neglecting  the  details  of  the  response-amplitude 
operator  and  the  frequency  mapping  The  basic 
idea  of  the  following  method  is  not  changed  if 
these  effects  are  included,  hut  the  essential  fea- 
tures might  become  less  clear. 

Using  the  author  s notation  we  find  the  steady- 
state  solution  of  the  linear  differential  equation 
cf  the  iiiotion  of  a ship,  first  assuming  a pun- 
cosine  input 

~ + 21, s ^ -f  .-,=5  = /.  cos  wt  = F.il)..{\) 


sit)  = B,  cos  (o)/  -f  f,) (2) 


Equation  (2)  is  a solution  of  equation  (1).  Here  s 
represents  the  response  (heave,  pitch,  or  roll),  f, 
the  input  amplitude  and  s,  the  phase  lag.  Tlic 
output  and  input  amplitudes  are  connected  by 
the  elementaiy  formula 


Br-  = 7 


fr 


(v.=  - co’-)-  + i2h,u)-‘ 


fr 


.(3) 


where  |s((;j)|’  is  the  absolute  sqnan*  of  the  im- 
pedance of  the  system. 


The  mean  square  of  the  input  is 


/q*  = f"  if.  cos  m/T  r,: 

2i  J-T  " 
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and  that  of  the  output 


5’ 


f \B,  cos  (<»>/  -f  e,)  1’  dt  = 

J-T 


o 


By  equation  (3)  the  relation  between  the  mean 
squares  oi  the  output  and  input  becomes 


5= 


F." 

|z.(w)r 


(4) 


The  foregoing  straightforward  and  elementary 
discussion  assumed  a pure  cosine  input.  We  set 
now  the  following  problem;  To  find  a relation 
between  5*  and  F,^  if  F,(/)  is  a random  function. 
In  other  words,  to  find  the  mean-square  ampli- 
tude of  the  ship  motion,  v.-hen  the  random  input 
(the  sea)  is  characterized  by  its  statistical  proiier- 
ties.  It  should  be  emphasized  that  Fi(/)  being  a 
random  function,  one  should  not  expect  to  be 
able  to  find  sit).  This  seems  to  be  impiortant 
since  some  of  the  statements  in  the  paper  might 
be  iiiisiiiterpreted  in  this  respect. 

If  F,it)  i.?  a laiidoin  f-jnetion,  we  find  its  energy 
spectrum:  p,iui)  corresponding  to  the  rather  un- 
fortunate [r(u>)]-  symbol  in  the  paper.  The 
method  of  finding  p,iui)  from  the  autocorrelation 
function  is  clearly  described  in  the  paper,  there- 
fore the  only  fact  recalled  here  is  that  the  mean 
square  of  a random  function  is  the  total  area  under 
the  energy  spectrum;  i.e., 

F7-  = .Z*”  />.,(ai)  rfai 
0 

and  so 

r-  = y'  ?.(<<))  do) (o) 

0 


where  qsio))  is  the  unknown  energy  spectrum  of  the 
output. 

The  theorem  we  now  quote,  without  proof, 
says  that  for  linear  systems  “the  input  and  output 
energy  spectra  are  connected  the  same  way  as  the 
mean  squares  of  the  input  and  output  ' (equa- 
tion 4) 


g.(u>) 


PA<7>_ 

js,(<:>)i= 


(fi) 


Substituting  ecjuution  (C)  in  (5) 


.(m) 


(7) 


It  might  be  mentioned  that  the  final  result  (equa- 
tion 7),  connecting  the  mean  square  of  the  ship 
motion  with  the  impedance  of  the  system  .and  the 
energy-  specti  ::;n  of  the  waves,  was  obtained  with  • 
out  assuming  that  either  the  input  or  the  output 
ordinates  are  Gaussian. 

2 The  authors  emphasize  the  importance  of 
the  energy  spectrum  of  the  sea,  which  in  view  of 
the  preceding  discussion  is  really  tin;  crucial  point 
of  the  method.  It  should  be  iricntii  r,ed,  however, 
that  while  the  energy  spectrum  is  important  for 
ship-motion  studies,  it  does  not  give  a plausible 
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Fig.  1. — Probability  Curves  Assuming  Normal  Dis- 
tribution OF  Wave  Amplitudes 

physical  picture  of  the  sea.  The  following  dis- 
cussion is  intended  to  give  such  a physical  picture. 

Recently  we  perfonned  experiments  at  the 
David  Taylor  Model  Basin  in  the  140-ft  basin  to 
study  the  problem  of  slamming  and  for  this  pur- 
pose we  produced  a confused  sea  by  generoting 
regular  waves  with  a pneumatic  waveinaker  and 
disturbing  these  with  paddles  and  reflectors. 
The  wave-height  record  was  analyzed  and  showed 
that  the  amplitude  distribution  was  not  Gaussian 
but  it  definitely  had  a skewed  tendency  to  the 
smaller  heights  (to  the  left).  It  might  be  men- 
tioned that  the  paper  is  not  entirely  clear  when 
speaking  about  the  Gaussian  property  of  the  sea. 
Is  the  wave  amplitude  distribution  or  the  distri- 
bution of  the  water  surface  elevation  Gaussian? 
The  writer  must  assume  the  latter  iKissibility  to 
be  correct  not  knowing  of  any  theoretical  reasons 
or  observations  supporting  the  former  one.  The 
recent  paper  by  A.  J.  Williams’-  suggests  also 
skewed  distribution  for  the  wave  heights,  support- 
ing this  view  by  observation  and  theoiy. 

.A  few  numerical  values  might  show  the  physi- 
cal significance  of  the  statistical  approach  The 
model  of  a Liberty  ship  has  an  over  all  length  of 
5.83  ft,  that  of  llic  <v.luai  olup  oeing  L = 441.5  ft. 
The  generated  regular  waves  corresponded  to  a 
w..ve  length  of  545  ft,  which  after  disturbance  re- 
sulted in  an  average  wave  length  of  Xi  = 409  ft 

Quarterly  Transactions,  Institution  of  Naval  Architects,  vol  9o, 
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and  mean  height  of  hi  — 25.9  ft.  Starting  witii  a 
00(5-ft  regular  wave  the  resulting  average  wave 
length  and  wave  height  were  Xj  = 575  ft  and  hi  -- 
22.1  ft.  The  ship  length/vvave  length  ratios  were 
L/\i  = 1 .08  and  L/Xt  = 0.77.  The  standard 
dc-viations  for  tlie  amplitudes  were  ai  = 8.9  ft 
and  (Ti  = 7.3  ft  and  the  dimensionless  skewness 
factors  />i  = —0.405  and  pi  = — 0.58. 

If  the  skewness  is  disregard-ed  and  a Gaussian 
distribution  is  assumed,  the  probability  that  in 
the  first  case  a wave  will  be  higher  than  hi  -|- 
ffi  = 34.8  ft  is  O.Ki;  i.e.,  roughly  speaking,  one 
out  of  seven  waves  will  be  higher  than  35  ft.  In 
the  second  e.\aiiijjic  approximately  one  out  oi 
seven  waves  will  be  higher  than  30  ft. 

The  two  examples  were  selected  so  that  the 
ship  leiigth/wave  length  ratio  was  slightly  larger 
than  unity  for  the  first  case  and  somewhat  smaller 
than  unity  for  the  second  case.  Undoubtedly 
these  values  and  Fig.  1 of  this  discussion  give  a 
fair  idea  of  the  sea  condition. 

We  might  remark  that  both  conditions  corre- 
spond to  the  Scripps  Institution's  observation  re- 
garding the  most  probable  relation  for  any  given 
year  for  the  North  Pacific  Ocean.  I"  fart  b'lth 
sea  states  could  be  generated  by  a 34-knot  wind, 
the  first  requiring  a duration  of  12,  the  second  of 
24  hrs.  The  two  examples  of  many  experiments 
are  presented  to  give  a physical  picture  of  an 
actually  produced  confused  sea. 

3 It  is  unfortunate  that  this  cxCcileiu  paper 
mentions  hardly  any  applications  and  therefore 
it  seems  to  be  desirable  to  suggest  at  least  one 
possibility  of  direct  use  of  the  paper.  We  at- 
tempt to  indicate  how  one  of  the  challenging 
problems  ol  naval  architecture,  slamming  of 
ships,  might  be  handled  by  the  methods  proposed 
in  the  paper. 

Either  from  wave  observation  or  from  theo- 
retical consideration  the  wave-energj’  spectrum 
can  be  obtained  and,  making  use  of  the  response- 
amplitude  operator  and  of  the  frequency  mapping, 
the  mean  square,  say  of  the  pitching  amplitude, 
can  be  obtained.  Since  large  pitch  angle  alone 
docs  not  result  necessarily  in  slaniniiiig,  other 
characteristics  of  the  ship  motion  such  as  the 
mean  square  of  the  heave  must  be  determined. 

Assuming  again  a Gaussian  distribution  for  the 
variables  we  atilve  at  a set  of  definite  values  for 

the  oroKaKiiitiec  that  thcsc  vanablcs  Will  reach 

1 

certain  values.  The  inuitiple  probability  dis- 
tribution of  the  foregoing  v’ariables  v.’i!!  tc!!  us  the 
probability  that  a certain  critical  combination  of 
the  values  of  the  variables  will  occur.  The  proba- 
bility of  slamming  is  not  defined,  of  course,  by  tiie 
probability  of  extreme  values  of  the  parameters 
of  the  ship  motion  only , 'out  also  by  the  probability 
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of  having  a surface  elevation  distribution  favora- 
ble io  slainining.  The  combination  of  these- 
probability  distributions,  i.e.,  that  of  ship  posi- 
tion and  of  surface  elevation,  will  serve  as  a guide 
in  slainining  predictions.  The  writer  would  l-.ke 
to  hear  the  authors’  opinion  regarding  the  proposi- 
tion outlined. 

Dr.  J.  H.  C!I.\d\vick,  Assorinte  Member:  While 
the  writer  is  sure  this  paper  is  not  intended 
to  be  the  word  on  the  inotioiis  of  ships  in 
confused  seas,  undoubteiily  it  will  stand  as  a 
land  mark  .-f  the  Srst  magnitude  in  the  history 
of  the  study  of  ship  motions. 

The  authors  have  had  to  use  some  rather  for- 
midable liiathetnatics  in  treating  this  iiroblein, 
and  some  may  feel  at  first  glance  that  the  niathe- 
iiiatics  is  no  more  easy  to  understand  than  the 
seaway  itself.  However,  this  is  not  really  the 
case,  and  it  is  predicted  that  in  a very  few  years 
naval  architects  will  be  using  these  fcnr.ulas  with 
the  same  nonchalance  that  they  now  use  the 
standard  wave,  and  with  infinitely  more  incaiiing- 
ful  and  useful  results. 

In  this  maiden  voyage  into  confused  seas,  as  it 
were,  the  authors  undoubtedly  have  desired  to 
keep  the  over-all  prescutatiou  ns  simnie  as  nossi. 
ble  under  the  circumstances,  and  evidently  it  is 
this  desire,  coupled  with  the  inherent  comple.xity 
of  the  mathematics  necessary'  to  describe  the 
wave  system  that  has  led  them  to  use  rather  dras- 
tic approximations  in  deriving  the  equations  of 
motion  of  the  ship.  They  have  assnnied  that  yaw, 
surge,  and  sway  are  negligible,  and  they  have 
neglected  all  couplings. 

It  ,3  believable  that,  in  a stiiji  Wnn  m^n-per- 
formance  automatic  slvs-ring  system,  yawing 
might  be  negligible;  and,  for  small  motions,  surge 
also  might  be  negligible  compared  to  the  forward 
speed  of  the  ship.  But  in  what  sense  can  sway 
be  negligible  in  a confused  seaway;  and  since 
sway  has  a strong  linear  coupling  into  roll,  in  what 
sense  can  its  effect  be  negligible’  Furthermore, 
at  speeds  other  than  zero,  pitch  has  a linear  cou- 
pling into  the  heave  equation,  eiiher  through  pitch 
rate  (centrifugal  force)  or  pitch  angle  (lift  force) 
depending  on  the  co-ordinate  s’/steni  used,  and 
in  what  sense  can  this  linear  coupling  be  negli- 
gible? If  yaw  is  not  held  down  by  an  automatic 
steel  inti  system,  it  will  couple  into  sway.',  and 
hence  into  roll,  and  roll  will  couple  back  into  yaw 
giving  rise  to  the  so-called  yaw-heel  effects,  and 
so  on. 

These  points  are  mentioned  in  order  to  empha- 
size that,  while  the  authors  have  shown  us  how  to 
derive  the  statistics  of  ship  motions  from  the 
statistics  of  wave  motions,  given  the  response 


operators  of  the  ship,  we  still  have  a lot  to  learn 
about  these  response  oper.otors.  rhu.s  iui  it  has 
not  proved  to  be  an  easy  matter  to  determine 
these  response  operators  theoretically  , i.c.,  for  an 
actual  ship  v.’ith  six  degrees  of  freedom.  Nor  has 
it  been  easy  to  determine  them  by  model  tests; 
there  is  a host  of  difficulties  that  plague  this  kind 
of  testing.  While  we  should  continue  along  botii 
of  these  lines,  is  it  possible  that  progress  might 
not  also  be  made  through  try.'ing  to  solve  the 
inverse  problem;  i.e.,  given  the  wave  motions 
and  tlie  ship  motions,  vvlia'.  are  the  response  opcia- 
tors,  or,  given  a variety  of  siiip  motions,  what  are 
the  couplings,  and  so  on  ? Can  the  authors  give 
us  any  hints  about  the  possibilities  in  this  direc- 
tion, ami  about  the  inatbcmatical  inethodc  that 
might  be  needed  for  tiic  realization  of  these  iios.si- 
biiitics,  if  any? 

Mk.  F.\ul  Kapi-an’,-’  I'isitor:  This  interest- 
ing paper  is  aii  a))plication  of  the  theory  of  random 
processes  to  the  linear  dynamics  of  a body'  in  a 
fliiirl.  The  techniques  used  in  the  analysis  also 
have  been  applied  recently  to  dynamic  problems 
of  aircraft  such  as  gust  loads  and  buffeting,  while 
the  Iiydroilyiiauiicisl  may  be  more  familiar  with 
their  application  to  the  theory  of  turbulence. 
With  such  a problem  as  the  motion  of  ships  in 
confuseel  seas,  the  physical  pheiioiuena  are  so  com- 
plex that  elctaileei  calculations  of  dynamic  re- 
sponses arc  dilficult  and  the  numerical  results  are 
uncertain,  'fhe  j/nysica!  data  can  be  regarded 
a„  a set  of  statistical  data  of  random  processes; 
hence,  the  present  statistical  approach  to  this 
problem. 

The  aEsumption  of  this  paper  is  that  Hie 

response  of  the  ship  in  confused  seas  is  a steady- 
state  process.  The  response  of  a linear  sy'stem 
to  an  arbitrary  forcing  function  represented  by  a 
Fourier  iiilcgial  will  be  represented  by  another 
Fourier  integral  involving  the  transfer  function  of 
the  system  (response  to  sinusoidal  forcing  func- 
tion of  unit  amplitude).  When  the  forcing  func- 
tion is  a stationary-’  random  function,  it  does  not 
tend  to  zero  as  / — ►<=  and  its  Fourier  transform 
does  not  exist.  Thus,  another  method  must  be 
used . 

A way  out  of  this  dilemma  has  been  found  by 
the  authufs  through  an  application  of  the  results 
of  Wiener’s  theory  of  “generalized  haruionie 
analysis.”  The  spectrum  of  the  response  is  the 
product  of  the  spectiuiu  of  the  forcing  function 
with  the  square  of  the  absolute  value  of  the  sys- 
tem admittance.  (Admittance  is  a term  bor- 

**  Rxperimentat  Towidk  Tantc.  Stevens  Institute  of  Technology. 
Hoboken.  N.J 

Mean  v^ues  do  ntt  depend  o;i  time,  but  are  functions  of  the 
time  difference  only.  Also,  time  average:^  are  equivalent  to  en- 
sembie  averages  over  ^il  states  of  the  ensemble. 
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rowed  from  electrical  tenninology.  For  a second- 
order  EVEtein  it  is  a complex  (juantity  whose 
amplitude  is  proportional  to  the  iiiagpifieation 
factor  /Is-)  111  the  present  case,  the  result  is  the 

product  of  the  wave  s]iectrum  by  the  square  of 
the  transfer  function.  Integration  of  the  le- 
sponse  spcclruin  over  all  frecpiencies  is  then  the 
mean-s(]uare  value  of  the  response.  Complica- 
tions arise  only  in  the  modifications  of  this  result 
by  introducing  the  fretinency  of  encounter  and 
its  associated  inap])ing  reciiiircments. 

The  expression  for  the  mean-square  rcs])onse 
of  the  ship  described  in  the  foregoing  is  also 
applicable  to  linear  dynainical  systcino  of  higher 
order  than  the  second -order  system  treated  in 
the  paper.  Thus,  if  a linear  system  of  e<|uations 
could  re]>resent  the  coujiled  heave  -md  pitch 
niotions,  the  resultant  fourth -order  e(|uation  for 
either  ilic  iiirch  or  heave  response  could  be 
treated  in  the  same  inaniier  as  was  done  in  the 
paper.  The  ex]ierinieiital  response  as  measured 
in  a towing  tank,  which  includes  the  effect  of  the 
collided  motion,  would  yield  the  proper  transfer 
functions  and  the  inean-siiuare  responses  could 
be  deteraiined  in  this  manner  also. 

Since  one  of  the  aims  of  the  study  of  ship 
dynamics  is  the  detenninatioo  of  the  accelera- 
tions that  the  ship  will  experience  in  a seaway,  a 
statistical  representation  of  the  accelerations 
would  00  usetui.  The  writer  believes  that  thiscan 
be  found  easily  by  applying  Wiener's  theory. 
Since  the  system  admittance  or  the  transfer  func- 
tion tor  a displacement  is  determined  for  a sinu- 
soidal forcing  function  of  the  form  e'"'’  the  corre- 
sponding quantities  for  an  acceleration  arc  just 
w'  tijiicfi  sliLit  for  ths  tlio 

.spectrum  for  the  accelerations  is  just  w*  times  that 
for  the  dis]>!accmei’.ts  and  th.c  niean-siiuarc  values 
of  accelerations  are  found  by  integration.  The 
various  statistical  properties  of  the  accelerations 
then  can  be  determined  in  the  same  manner  as 
for  ‘he  displacements  and  thus  can  be  related 
to  the  loads  that  the  ship  structure  will  experience. 

It  is  mentioned  in  the  paper  that  the  extreme 
values  of  the  amplitude  of  motions  can  be  pre- 
dicted by  the  techniques  developed  by  Longuet- 
Higgins.  The  probability  distributioa  fiiMction 
and  the  most  probable  value  of  the  largest  value 
of  a displacement  in  A'’-samples  when  N is  very 
large  are  given  oy  I.onguet-Higgins  in  his  jiaper 
on  the  height  of  sea  waves.  The  distribution 
function  is  the  same  as  that  found  in  standard 
works  on  the  statistical  theory  of  extreme  values 
and  the  expression  for  the  extrc’ne  value  is  ap 
proximately  the  same.  Since  these  results  have 
been  applied  to  problems  such  as  gust  loads  on 


aircraft  encountering  atmospheric  turbulence,  it 
seems  profitable  to  search  the  aircraft  literature 
for  further  information  to  be  a])plied  to  ship 
motions.  After  all,  the  ship  and  the  airplane  are 
just  different  types  of  bodies  that  are  in  motion 
in  a semi-infinite  fluid  mcdiuii.  and  atmospheric 
turbulence  has  properties  of  randomiiess  that  are 
similar  to  those  of  ocean  waves. 

It  is  an  inherent  pioperty  of  the  spectral  repre- 
sentation of  the  response  that  phase  relationships 
between  the  excitation  and  the  response  are  ob- 
literated in  the  analysis.  This  is  unfortunate 
since  phase  relations  appear  to  be  the  key  to 
ileteruiining  the  wetness  of  the  decks,  the  stresses 
and  the  addeil  resistance  in  a seaway.  For  the 
irregular  random  functions  that  are  dealt  with  in 
the  jiapcr,  the  conceqit  of  phase-  is  rather  difficult 
to  formulate.  Ph.i.se  has  m<;aning  only  in  regard 
io  j)erio<iic  functions.  What  is  of  i!n])ortance  in 
the  problem  of  shi))  iiu.tioiis  in  confused  seas  is 
to  know  the  jjosition  and  orientation  of  iiic  shi]j 
relative  to  the  irregular  wave  iiattern.  The  rela- 
tive position  with  res))ect  to  the  waves  can  be 
determined  by  coinparii)g  tl'.e  time  histories  of 
the  motion  and  the  wave  simultaneously. 

A method  of  determining  the  nuition  of  a ship 
ill  irregular  long-crested  waves  a.s  a direct  func- 
tion of  time  (for  the  case  of  zero  sjieed  of  advance 
and  oniy  head  ,ii  following  seas')  has  been  devel- 
o])ed  ill  a recent  report  from  the  University  of 
California.  The  motion  is  expressed  as  a convolu- 
tion-type integral  of  the  recorded  surface-wave 
history  and  a derived  kernel  functioi).  The  ker- 
nel function  is  the  h'ouricr  traiisfomi  of  the  ship 
response  to  a simi.soidal  forcing  function.  Coni- 
p;irisoii  of  the  theoretical  results  with  the  e.xiieri- 
iiiental  motions  showed  very  gixid  agreement. 

If  this  method  could  be  extended  to  the  case  of 
a ship  inoviiig  in  waves  at  a particular  speed  and 
heading,  then  the  motion  in  loiig-crested  waves 
coiiijioscd  of  two  compoiiciits  at  different  headings 
couUl  be  ilcterniined.  This  would  give  the 
nuiiions  in  a cross  sea,  for  example.  Of  course, 
a record  of  the  surface  wave  as  a function  of  time 
when  moving  into  the  separate  wave  systems 
would  be  necessary.  Whether  it  is  possible  to 
do  this  the  writer  cannot  say,  but  the  idea  may 
result  in  something  useful. 

In  conclusion,  the  writer  wishes  to  congratulate 
the  authors  on  their  pioneer  paper  which  intro- 
duces reality  into  tile  previously  idealized  ireai- 
iiieiit  of  shi])  dynamics.  The  results  obtained  are 
valuable  in  themselves  as  a first  step  and  they 
indicate  also  the  further  vrork  necessary  for  a 
complete  know'iedge  of  ship  motions  in  a con- 
fused sea. 
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Dr.  ('i.  Whindi.um,  Member:  lilaborate  onni- 
pntations  have  shown  that  a (>aussiaii  distribu- 
tion describes  reasonably  well  the  aetual  state  of  a 
seaway.  The  Fourier  iiiiei-ial  niethiKi  prac- 
tically docs  not  lend  itself  to  the  inve.stigation  of 
the  seaway.  This  is  an  important  result  which 
will  deeply  influence  research  in  the  field  of  ocean- 
ography as  well  as  naval  architecture. 

Fig.  3.1  of  the  paper  shows  that  in  a confused 
sea  the  })itehing  periods  are  shorter  than  the  roll- 
ing i)criods.  This  known  fact  ean  be  explained 
by  the  authors'  theory’  in  a more  consistent  way 
as  by  earlier  orthodox  ideas.  This  success  alone 
justifies  the  great  labor  involved.  The  authors 
emphasize  that  })hasc  relations  arc  be>  ond  the 
scope  iif  the  present  ias-estigation  iKiinting  out 
that  phase  conditions  are  of  lesser  iniiiortaiice  in 
most  practical  applications.  This  statement  may 
be  true  or  erroneoiis;  in  any  case  tiie  .solution 
of  the  amplitude  problem  will  be  interesting 
enough  if  the  authors  succeed  with  their  difticnit 
task. 

The  bold  extension  of  our  knowledge  concern- 
ing the  seaway  will  stimulate  further  re.search  in 
the  field  of  motions  and,  iiic-re  generally,  seaworthi- 
ness of  ships.  Clearly,  it  would  be  a mistake  to 
neglect  the  concept  of  regular  seaway;  on  the 
contrary,  stronger  attempts  must  be  made  to 
eiucid.dc  furthfr  this  basic  case.  Interesting  and 
promising  work  in  this  field  is  now  being  done  by 
Dr.  Grim  of  Hamburg,  which  deserves  careful 
coiisi-!cration. 

Mr.  D.\r'in  Williams, Visitor:  The  paper 
is  of  great  interest  to  us  because  we  arc  working  on 
a problem  which  requires  an  analytical  specifica- 
tion of  ship  motion.  Par^  ' ''  thi-.  program  has 
entailed  the  collection  and  ai-alys.s  ot  records  of 
motior.  of  .ships  in  their  actual  environment. 
Thus,  wc  are  in  a position  to  offer  partial  confirma- 
tion of  the  conclusions  reached  in  the  paper. 

Ill  particular,  we  have  tested  the  distribution 
of  ship  displacements,  and  have  found  in  every 
case  examined  that  the  distribution  was  Gaussian. 
Furthermore,  we  have  constructed  a p^ower  spec- 
trum analyzer  for  these  records,  with,  we  believe, 
very  satisfactory  characteristics  at  the  low  fre- 
quencies in\'olved.  The  output  of  the  analyzer, 
when  plotted,  failed  to  disclose  any  grainhiess, 
down  to  the  limits  of  resolution  of  the  filter,  except 
for  some  i.-eaks  attributable  to  the  elastic  eharae- 

ici  C f llull. 

The  motioi.  of  the  ship  as  a rigid  body  in  )>itcli 
had  a relativelj'’  broad  peak  with  a sharp  cutoff 
characteristic  at  frequencies  above  the  peak 
power  portion.  The  roll  characteristic  was  much 
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more  sharply  ]K-iikc(l.  No  evidence  was  louml  of 
coupling  between  ])itch  and  roll.  As  stated,  the 
roll  speetruin  hm!  a single  very  sharp  peak;  no 
peak  appeared  in  the  pitch  spectrum  at  nr  near 
the  same  frequency. 

These  findings  tend  to  sup))ort  the  hypothesis 
of  u continuous  spectrum  of  sea  energy;  at  least 
the  grid  of  a line  s))cctruiii  would  be  so  closely 
spaced  as  to  be  practically  indistinguishable  from 
a coiiiiiiuous  spectrum. 

Marly  in  our  investigation  vve  formuiat‘-d  the 
concept  of  ship  motion  as  white  noise,  originating 
ill  random  wind  disturbances  and  shaped  by  the 
succcssiv’c  filter  characteristics  of  the  sea  and  ship. 
Following  this  line  of  thought,  we  attempte;!  to 
Hcp-nratt  sliiji  effects  from  sea  effects. 

David  Taylor  Model  Basin,  at  our  request, 
tested  a model  of  a shi])  fiom  which  some  motion 
r.-cords  ’.vere  taken,  to  .'Icteruiiac  its  transfer 
characteristics.  When  these  were  divided  out  of 
the  recordcil  jiower  siscclra,  wc  found  that  the  sea. 
motion  which  resu'ltcd,  was,  within  the  broar! 
limits  of  accuracy  of  oui  measuitments,  approxi- 
mately white  over  a broad  band  containing  all  of 
the  significant  power  in  the  ship  motion. 

We  hope  that  th.s  line  will  be  followed  vigor- 
ously both  by  mathematicians  and  cxpi-riincnters. 

•MR.  Lawkknck  W.  Ward,  Assotuile  Member: 
This  paper  is  a striking  examide  of  the  benefit  of 
co-operation  between  different  fields  of  science. 
In  a few  short  years  the  sciences  of  met  ccrol  ogv 
and  communications  have  gotten  together  to 
jiroduce  a simple  and  practical  rcpre3cr>^'>t'on  of 
the  svaway,  and  the  i\..'ent  coiiaboration  bctWccn 
the  oceanographer  and  naval  architect,  only  a 
year  in  being,  shows  the  same  promise  in  the  field 
ct  ci.ip  motions. 

Oil  the  experimental  approach,  ihe  use  of 
electronic  computers  may  prove  to  be  the  best 
technique.  Changes  in  the  ship  characteristics 
may  be  made  easily  by  “adjusting  a l-nob,”  and 
use  of  a random  input  is  ur.derstcKxl  to  be  no 
more  difficult  tlian  any  other.  It  would  be  hard 
t.>  simulate  the  latter  condi Lions  in  a tank. 

A change  in  terminology  is  noted  in  the  paper 
which  is  not  familiar  to  the  writer;  namely,  the 
use  of  ■''response-amplitude  operator,”  as  opposed 
i.o  "transfer  function.''  In  so  far  as  the  writer 
can  determine  the  tv.’o  are  identical,  and  the 
latter  is  easier  to  say.  Have  the  authors  a definite 
reason  for  this  change.^  Also,  have  the  snail  boat 
rests  at  jamesiowii  indicated  anything  as  yet  as  to 
the  verification  of  the  existence  of  this  function? 

The  writer  expresses  his  appreciation  to  the 
authors  for  their  excellent  paper,  am!  may  they 
continue  to  conauuiule  in  llie  future. 
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Mr.  H.  K.  Couper,-‘  ]’isilor:  The  applicntion 
of  sttitistical  tv.efhods  to  wave  and  niotion  studies 
seems  to  be  full  of  jiroiuise.  Iti  addition,  the 
writer  would  like  to  recall  two  fortunate  occur- 
rences and  to  exp.rcss  one  sincere  hope. 

1 The  recogiiitiou  of  the  identity  of  wave 
iiiotion  and  noise  spectra  has  peniiitted  the  use  ot 
powerful  tools  !levelo]H'd  in  the  electronics  field 
to  be  a])plied  t('  dcscriptioii  of  the  ever-chanRittg 
ocean  surface. 

2 It  should  be  ein])hasized  that  this  paj/cr  is 
the  joint  product  of  a naval  architect  and  an 
oceanographer,  of  a designer  and  an  environ- 
mentalist. 

From  such  fortuitous  ctnubinations  of  fields  of 
interest  (and  cotn!)leiiientary  talents)  is  woven 
the  fabric  of  science. 

The  writer's  hope  is  also  twofold ; 

1 That  continually  improving  instrumenta- 
tion will  permit  additional  verification  of  theory 
and  more  quantitative  results. 

2 That  these  quantitative  results  will  include 
improved  prediction  of  shori-liaie,  actual  motions 
of  a ship,  as  well  as  the  prediction  of  "siatislieai 
parameters.” 


P.ROF.  Frank  >.I.  Lewis,  Honorary  Vice-Presi- 
dent: The  ajiplication  of  statistical  methods  to 
the  theory  of  ocean  waves  and  the  motion  of 
ships  is  a new  and  interesting  approach  to  the 
problem  and  may,  in  time,  lead  to  fruitful  results. 
But,  in  the  pajier,  the  authors  hardly  more  tlian 
bint  a'i.  possible  applications  and  a more  e.xplicit 
statement  of  liie  uiliT.aic  oujci-lives  would  add 
greatly  to  the  value  of  the  paper. 

The  limitation  to  linearity  appears  to  offer  a 
serious  handicap  in  applications  of  the  theory. 
For  example,  one  might  ask;  Whiit  is  the  maxi- 
mum stress  that  can  occur  from  a given  irregular 
sea.’  This  would  appear  to  be  a simple  matter. 
The  Sea  record  over  a sufficiently  long  interval 
is  analyzed  into  its  harmonic  components.  Then 
the  maximum  wave  could  be  merely  the  sum  of  all 
these  components  added  crest  on  crest  in  ze'o 
pbrrsc.  But  this  would  hardly  lead  to  a vey 
satisfactory  answer;  for  the  wave  height  is  limited 
by  nor.linearity  and  the  dissipation  of  ciicrgy  of  a 
breaking  crest.  It  .appears  therefore  that  the 
maximum  strain  that  a vessel  can  be  subjected  to 
uiidci  a giver,  sea  condition  must  remain  a matter 
of  long-time  observation  rather  than  of  theory. 

The  meaning  of  the  authors’  statement  in  the 
conclusion  that  only  amplitude  and  not  the  phase 
of  the  motion  resulting  from  a confused  sea  can  be 
obtained  is  not  at  all  clear.  On  the  basis  of  the 


authors'  assumpti.ms  of  linearity,  the  motion  re- 
sultiiie  from  any  arbitr.-uy  form  of  sea  can  be 
derived,  although,  to  be  sure,  with  considerable 
labor.  Oi.c  first  has  to  derive  the  excitation  cor- 
resixinding  to  the  irregular  sea.  by  placing  the 
vessel  ill  successive  positions  and  integrating 
f(>rces  and  moments.  Then,  in  the  authors’ 
notation  the  equation  of  motion  can  be  written 
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F{l)  is  the  damped  exponential  eorres])miding  to 
the  initial  motion  at  / = 0. 

Putting  this  in  real  form  and  dividing  the  range 


of  integration  into  sull'icient  O’.’erlapping  intervals, 
the  foregoing  expression  can  be  integrated  by 
mechanical metlnxls.  However,  it  would  ‘oe  easier 
and  more  accurate  to  utilize  a model  jilaccd  in  an 
arbitrarily  irregular  sea. 

It  is  not  clear  why  an  irregular  sea  will  give 
better  criteria  of  ship  ))erfonnancc  than  a regular 
one.  .\t  intervals  any  irregular  sea  will  become 
sufficiently  regular  so  lhal  the  motion  of  the  vessel, 
for  a short  time,  will  approach  that  attained  in 
re«>Tianre.  This  is  evident  from  an  inspection 
of  the  . uthors'  motion  curves.  Why  is  not  this 


motion  ns  “re.alistic”  a criterion  of  ship  perform- 
ance as  any  other?  A “realistic”  irregular  sea 
is  at  intervals,  regular. 

The  authors  tout-h  briefly  on  the  problem  of 
short-time  prediction,  which,  if  we  understand 
their  statements,  is  as  follows:  Given  the  motion 
of  the  ship,  and  possibly  also  of  the  sea  surface, 
from  t = — OD  to  = 0,  or  if  not  to  / = — e’  for  u 
sulucient  period  in  the  pas.,  can  the  motion  of  the 
ship  be  predicted  for  a short  interval  of  positive  t? 

In  attempting  to  answer  this  question,  it  is  to 
be  noted  first  that  the  surface  of  the  sea  must  be 
considered  as  a purely  arbitrary  function,  in 
which  the  waves  approaching  the  ship  (positive  1) 
are  related  to  those  which  have  passed  (negative  t) 
only  by  the  very  loose  condition  oJ  continuity  ot 
wave  height  and  slope  at  / = 0.  A harmonic 
analysis  of  past  waves  cannot  be  made  and  ex- 
tended into  the  future,  for  there  exists,  an  infini- 
tude of  such  anal)  ses,  any  of  which  would  repre- 
sent the  past  equally  well,  but  would  give  en- 
tirely different  results  as  regards  the  future. 
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At  / = 0 the  existing  motion  of  the  ship  is 
known  and  can  be  considered  as  a phase  of  a har- 
monic motion.  One  can  predict  that  this  exist- 
ing motion  wdl  continue  and  that  to  it  will  be 
added  a deviation  produced  by  the  approaching 
and  unknown  wave  pattern.  Unless  this  wave 
pattern  can  be  foretold,  the  deviation  must  re- 
main unknown.  On  the  basis  of  statistical  theory' 
one  also  could  predict  that  if  the  motion  is  large 
or  small  at  / = 0 it  will  return  to  the  mean,  but, 
if  airea<i>  at  the  mean,  one  could  not  predict 
whether  it  would  get  larger  or  smaller.  Since  |)re- 
sumably  the  maximum,  minimum,  and  mean 
motions  are  already  known  as  a matter  of  observa- 
tion. !l  is  not  clear  how  the  statistical  theory  can 
assist. 

One  can  ask,  of  course,  whether  a pattern  does 
exist  in  the  irregtdar  sea,  or  whether  it  is  as 
unpredictable  as  the  spin  of  a perfect  roulette 
wheel.  The  authors  apiiear  to  have  excluded  the 
possibility  of  a pattern,  aiid  we  C'oncur  in  this 
view. 

Unless  then  a device  can  be  arranged  which 
will  reach  ahead  of  the  ship  and  relay  back  inlor- 
mation  as  to  the  ch'aructer  of  the  'approachitig  sea, 
only  a low  order  of  predictability  of  future  motion 
is  po.ssiblc.  A trained  cbsc.'-ver  at  'he  mastliead 
might  go  far  in  this  direction,  although  tiiore 
elaborate  and  accurate  <lc'’ices  are  conceivable. 

Prof.  F.  Ursell,”  \ isilor:  The  correlation 
of  wave  motion  and  shi])  motion  is  likely  to  be  of 
value  in  oceanograithy,  since  it  |)rovkies  a simple 
method  of  measuring  the  energy  spectrum  of 
waves  from  the  S[5ectrum  of  the  ship  motion. 
But  until  more  information  is  a'vailable  about  the 
response  of  a ship  to  reg  'ar  waves,  and  in  pai- 
iicnlar  about  the  Fnmde-K.ylov  hypothesis,  an 
assessment  of  the  lindtaticrns  inherent  in  the 
present  paper  will  not  be  possible. 

Unpublished  experimental  suggest  that 

the  dependence  of  virtual  ir.a;,s  and  moment  of 
inertia  on  frequency  and  speed  of  advance  (neg- 
lected i’.t  th,’  present  paper)  also  may  be  itu.pcr- 
tant  in  this  connection.  Even  .so,  a calculation 
within  the  framework  of  a linear  theory  may  still 
be  practicable,  though  it  may  prove  to  be  incon- 
veniently complicated. 

Equations  (1.2),  (l..'l),  and  (1.4)  apply  only  to 
windless  areas.  Uo  the  authors  consider  that  this 
implies  a serious  restriction  on  the  ai'plicability 
of  their  work  ? 

Mr.  Norm.\n  H.  Jasper;,  Member:  This  pa- 
per brings  the  methods  of  st'atistical  analysis  to 

Faculty  of  Mathematics,  Uoivevstty  of  Camhrid);e,  KoKlttr.d. 


bear  on  the  problem  of  describing  the  sea  state 
and  the  ship’s  motion  in  confused  seas.  It  does 
this,  however,  in  a inamier  so  complex  that  naval 
architcet.s  m-rhaps  will  be  more  confused  than 
enlightene?!  by  it.  The  writer  feels  that  the  pres- 
entation given  by  the  authors  is  unnecessarily 
cumbersome  and  that  the  claims  made  for  this 
method  are  too  broad. 

It  should  be  iMiiphasized  that  the  statistical 
treatment  preserves  only  certain  qualities  of  the 
time  functions,  namely,  the  frequency  and  ampli- 
tude content  (power  .spectrum),  and  such  methods 
therefore  oaiinot  predict  the  actual  motions  but 
can  only  jircdict  statistical  qualities  of  such 
motions. 

The  jiroblein  treated  here  is  essentially  that  of 
determining  one  (not  ail;  of  the  proix-rties  of  the 
sea;  namely,  its  power  spectrum;  and  next  to 
determine  the  power  spectrum  of  the  ship’s  motion 
in  this  seaway,  .\niong  the  several  assumptions 
made  the  foiiowing  may  be  the  most  critical: 
(a)  The  ship  acts  like  a simple  <iscill<ii.or,  wiiich 
assuni])tion  is  probably  ac<'epta)>le,  and  (b)  the 
wave  propagation  is  described  by  equation  (I.l), 
an  assumption  that  is  valin  oiily  m S|>eciai  cases 
and  which  restricts  the  validity  of  equations  (1-17) 
and  (l.2l.)  Once  the  so-called  responsc-ampli- 
tudi'ooerainr,  .4  „ for  the  ship  is  khown  the  power 
siwctruiii  of  the  ship  motion  is  specified  im- 
mediately and  may  be  written  down  as  in  equa- 
tions (4..'i)  and  (-1.13). 

The  power  spectrum  of  the  ship  motion  may  be 
utilizcel  to  estimate  certain  parameters  of  ship 
motions  such  as  average  ar.d  ‘‘•.agnificant”  ninpli- 
tudes.  One  now  may  ask  the  question-  Why  use 
the  cuiubersome  energy  integral  which  the 
authors  seem  to  feel  is  the  one  and  only  approach  ^ 
There  would  appear  to  be  other  possibilities 
utiii/ing  generally  understood  concepts  which 
may  be  as  valid  (or  invalid)  as  the  pr-iijosed 
iiiCthotl.  For  exaiiqile,  consider  the  h'ouricr  series 
expansion;  it  may  be  represented  by  a discrete 
spectrum  such  as  indicated  by  the  authors'  Fig. 
l.-l.  (It  also  may  be  converted  to  an  “equiva- 
lenv."  continuous  s])ectrum.-*) 

Let 

.Y 

''(/)  = 2 r„  cos  (to,,.'  -f  •;„) 

11  = I 

where  r(/)  represents  a suitable  section  of  an 
actual  record.  Next  let  f . assiiine  randoiti  phases 
in  the  same  iiianner  that  the  authors  assigned 
random  phases  to  [r'(co)f/a)].  This  will  result  in 
an  artificial  ensemble  of  r(t)  each  one  of  which  is 
characterized  by  the  same  frequency  or  powcj 

*•  Naval  Research  Laboratory  Report  F340t^ 
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spectrum.  nu-reKirc,  by  this  approach  we  have 

•V 

/ , < I ^ 

Ml / = 2^  f 

n ■*  1 

this  expression  has  the  same  form  us  e<iuation 
(1.15). 

A more  generalised  form  of  this  approach  can 
be  obtained  by  using  the  Fourier  integral  equa- 
tions (I..S)  and  (1.0).  Let 


= j'<r  cos  (<*)/  -t-  c„)  ^/o) 

where 


g(coi  - 

1 /■  * ” 

= - / r{t)  cos  wl  (It 


bp(ui) 


r(t)  sin  o)'  dt 


In  the  expression  for  r{t)  let  t«,  take  o:i  raiidoir 
values.  Thus,  we  can  create  an  ensemble  of 
r(/)  each  one  of  which  has  the  .same  power  spec- 

trmn  If  thp  T>r^wo^  ciMw'fnini  />t  ♦ ho  coo 

uaN-'-'j-  ■"* 

approaches  the  Gaussian  form,  r(»)  inay  be  ex- 
pected to  have  the  statistical  properties  of  a Gaus- 
sian distribution.  The  principal  advantage  of  the 
approach  outlined  here  is  that  the  concept  of 
Fourier  series  and  of  a Fourier  integral  are  widely 
known. 

.Another  relatively  simple  way  in  which  the 
power  sj>ectra  and  other  statistical  parameters  can 
!>e  obtained  is  outlined  by  H.  W.  Lieptuann."’ 
Liepmann  obtains  the  desired  power  sjKCtruin 
from  the  Fourier  transform  of  the  autocorrelation 
function  of  the  time  series  under  study.  Another 
statisticai  approach  to  the  study  of  irregular  seas 
has  been  given  by  R.  Miclie’^  who  characterizes 
the  waves  by  three  parameters 

One  might  well  ask  in  what  specific  applica- 
tions these  "predictions"  might  be  used.  A.1 
though  the  authors  claim  that  it  is  their  interest 
to  present  findings  useful  to  the  designer  and  re- 
searcher iiitie  i.-i  said  in  the  paper  about  .specific 
applications.  Would  a skipper  be  happier  with  a 
sea  state  specified  by  a power  spectrum,  even 
though  this  would  have  quantitative  meaning, 
rather  than  with  the  preseiii  scale  of  sea  states? 

■ t is  this  writer’s  impression  that  equations 
such  as  (4.5)  which  describe  a iyiiical  motion  as  a 


funciioii  of  nine  are  of  little  practical  value  and 
of  doubtful  validity.  .A  ratlier  useful  and  signifi- 
cant application  of  these  methods  could  be  made 
to  determine  the  frequency  distributions  (histo- 
grams) of  ships’  motions  and  wave  heights  for  a 
given  combination  of  sea  condition,  ship,  course, 
and  speed. 


Mr.  RoiiiiK'i  .A.  Fuchs,”  Visitor:  The  authors 
have  rendered  valuable  service  in  carrying  through 
the  calculations  of  the  frequency  mapping  and 
ship  responses  in  such  detail. 

The  difTiculties  discussed  by  the  authors  in 
connection  vvifii  a Fiiu.^iCii  integral  rcpresciitation 
can  be  largely  avoide.f  by  adopting  a somewhat 
difTereiit  viewpoint.  In  the  course  of  recent 
research  sponsored  by  the  U.  S.  Navy  ■r<‘!r''au  of 
Ships,  David  Taylor  Model  Basin,  Contract 
Non-r-222(lS)  v.-c  have  had  occasion  to  analyze 
the  motion  of  uiipropeHcd  ships  h.  irregular  long- 
crcsteil  waves  by  Fouriier  integral  methods.” 

W’e  obsiTve  that  tlr-e  amplitude  spectrum  of  Ihc 
waves  is  not  of  dircev  interest  in  itself  and  since 


face  and  ship  it  can  be  eliminated.  We  obtain, 
thereby,  the  motion  of  the  ship  expressed  as  a 
convolution-type  integral  of  tHc  product  of  the 
reconled  wave  motion  and  a ‘‘kerner’  function. 
This  ‘kerner’  function  is  the  Fourier  integr-d, 
with  respect  to  frequency,  of  the  resjionse  of  the 
ship  to  sinusoidal  waves  c'f  unit  ampliinde 

The  principal  advantage  of  this  forimilatioii 
over  a direct  Fourier  aiiaiysir.  is  that  the  ' kerner' 
is  independent  of  the  pavticuiur  wave  system  en- 
countered. Predictions  of  heaving  and  pitching 
motions  of  a rectangular  block  and  a .shin  nindpl 
in  irregular  waves  agree  fairly  well  with  motions 
recorded  in  the  laboratory  wave  channel. 

The  Froude-Krylov  hypothesis  was  used  to 
compute  the  response  of  the  rectangular  block. 
Two  ;ucthr«'i.s  were  eiiiployed  to  deterniiiie  the 
response  for  the  ship  mode!.  First,  a series  of 
tests  was  run  in  sinusoidal  waves  and  the  re- 
sponse measured  directly;  and  then  a Fourier 
analysis  was  made  of  the  motion  of  a ship  in  a very 
irregular  wave  motion.  Similar  results  are  possi- 
ble for  propelled  ships  in  short-crested  seas,  but 
ciic  calcuiatiOiiS  iiivolvcd  are  quite  Iciigthy. 
Moreover,  one  requires  for  the  predictions  a sur- 
face-time history,  not  just  at  a single  point,  but 
over  an  extended  area. 


**Oii  the  Application  of  Statistical  Concepts  tu  the  DuffetioK 
Piohlem,"  by  H.  W.  Liepmann,  Journal  of  the  AcronauHcoi  ocienc^i. 
Dec.  1952. 

“iPf'ncipal  Statistical  Criteria  Characterixing  Real  Irregttlar 
Sea  Waves  ami  the  Methods  of  ProducinK  These  Waves  in  the 
Laberatopy”  (in  French),  by  R.  Mich-*,  Rev.  Gen.  Hyd.  No  09,  115- 
124,  May -June.  1952 
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It  IS  hoped  that  the  authors  will  in  th near 
future  present  mnnerical  ajip.lications  of  their 
tneihods  to  ships  in  eonfused  seas.  There  ap- 
{K-ais  to  be  a real  need  for  detailed  descriptions 
of  tile  sea  surface  (>ver  an  area  ns  r.  function  of 
time.  On"  should  not  abandon,  howevi'r.  the 
possibility  of  estabhshini;  certain  simple  rules  by 
studying  incidents  of  a sulhciently  simple  nature. 
An  inijjortunt  restriction,  in  so  far  as  computation 
of  the  responses  of  the  ship  is  concerned,  is  the 
acceptance  of  the  Froiicie-Krylov  h.ypothesis. 
This  hypothesis  is  stated  by  the  authors  in  an 
unnecessarily  restrictedi  form.  The  ship  acts  on 
the  waves  by  virtue  of  the  virtual  masses,  virtual 
moments  of  inertia,  and  damping  tenns,  tut  «ave 
diffraction  usually  is  neglected.  Since  this  dif- 
fraction is  of  considerable  inijKirtancc,  not  only 
for  the  ship  oscillations,  but  also  for  resistance  in  a 
seaway,  it  appears  to  warrant  more  study  than 
it  has  received  heretofore. 

Mr.  ('.ERii.iRD  Nut  .suvNN,”  Visitor:  Wave  re- 
search, especially  with  reference  tr,  the  behavior 
of  the  seaway  under  various  conditions,  has  been 
sponsored  and  greatly  stimulated  during  tile  jnisl 
ten  years  by  those  who  apply  the  thoor).'  in  prac- 
tical applications.  .Navigation,  naval  architec- 
ture, marine  and  coastal  engineering,  and  kindred 
practical  professions  arc  interested  increasingly 
in  the  behavior  of  ocen.t!  waves  and  their  effects. 

1 lie  concept  of  the  “confused"  sea  may  really 
confuse  those  who  are  accustomed  to  applying 
(his  word  for  very  special  conditions  of  the  sef«- 
way.  It  is  true  that  even  tiie  pure  wind-gener- 
ated and  wind-driven  ocean  waves  appear  very  ir- 
regular with  the  cvcrchangiiig  pattern  of  their 
apparent  waves.  The  heights  :iii(l  time  intervals 
be'iwecn  successive  crests  ("periods")  are  the 
observable  properties  of  the  composite  sea.  'rb^y 
change  from  "wave"  to  "wave"  and  form  the 
characteristic  irregular  liatlcru  of  the  sea.  This 
characteristic  pattern  is  e.Kactly  the  one  in  which 
tlie  nav  ;g!!to:’,  naval  architec  t,  or  niarinc  cngiiicc; 
is  interested;  and  this  pattern  is  closely  related 
to  the  energy  spectrum  of  the  compie.x  ocean 
waves. 

Experienced  observers  know  how  to  estimate 
the  wind  velocity  from  the  appc.arancc  of  the  wmd- 
drivei!  sea  with  an  accuracy  of  ’ 2 Beau- 

fort scale,  and  this  shows  that  there  must  be  a 
clearly  defined  dominating  pattern  of  the  seaway 
at  each  wind  velocity.  The  dominating  pattern, 
or  the  characteristics  of  the  seaway,  at  each 
wind  speed  and  given  fetch  and  duration  coiidi- 

College  of  Knpineerini*  Dei>HrDnent  of  ^^eteo^<^l^>g>■  aod 
Oceanography,  Kew  Y<»rk  University,  N't'v  York,  N V. 


lions  can  ix-  deduced  from  the  energy  .spectrum 
of  the  wave  motions.  Thus  these  conditions  arc 
not  renliy  cmifuse*!. 

A confused  sea,  however,  may  be,  for  cxaiuple, 
the  cross  ik:Ii  which  forms  with  wind  jumps  after 
the  passage  of  meteorological  fronts  or  in  the  eye 
of  a hurricane.  With  tlicse  conditions,  seas  from 
different  directions  and  of  diffej'cnt  size  cross 
each  other  and  form,  in  storm  regions,  very  dan- 
gerous pyramulal  secs.  The  crests  of  these 
“waves"  may  break  in  either  direction.  This 
kind  of  confused  sea  is  not  meant  in  general  in 
the  jirescnt  paper,  and  it  is  not  described  by  the 
energy  siK*etrum  as  derived  by  the  writer  of  this 
comment.  1 licre  is  some  hope  that  in  the  near 
future  oceanographers  will  be  able  to  give  more 
information  to  naval  arehitcets  on  how  to  handle 
even  such  conditions  of  cross  seas. 

The  experimenter  in  naval  architecture  needs 
some  criterion  as  to  how  complex  the  lank  waves 
must  be  in  order  to  create  an  artificial  wave 
motion  comparable  with  the  actual  ocean  waves 
at  given  wind  conditions.  This  kind  of  informa- 
tion can  be  given  by  the  use  of  the  inatheuiatical 
form  of  tile  energy  spectrum,  and  approximation 
by  a finite  number  of  ciiuivnlcnt  wave  components. 
Ry  the  laws  of  simihirity  the  absolute  dimensions 
of  the  waves  can  be  reduced  to  tank  waves,  ac- 
cording to  the  dimensions  of  the  ship  model, 
whereas  the  relative  dimensions  of  the  wave 
components  arc  fixed  by  the  wave  siicctrum  at  the 
given  wind  velocity. 

The  objection,  that  the  concept  of  the  wave 
spectrum  dcxis  not  give  n plausible  physical  pic- 
ture of  the  sea,  is  not  at  all  justified.  This  objec- 
tion, certainly,  is  a misunderstunding.  .-Vny  kind 
of  practical  inforiiiutiDii  '•■n.  the  dimensions  and  the 
statistical  liislribution  of  the  heights,  “periods,” 
and  "wave  lengths"  of  sncccssive  apparent  wave 
crests  at  a fixed  location  at  the  sea  surface  can  be 
derived  on  the  basis  of  the  energy  spectrum. 
paper  011  the  chnractcristics  of  the  seaway  in 
terms  of  simple  wave  properties  is  in  preparation 
and  will  help  the  piactical  application. 

The  writer  would  like  to  add  a few  comments 
about  the  understandable  demand  by  practitioners 
for  more  information  regarding  the  actual  sea 
spectra  likelv  to  be  met  under  vari.nnr.  .e.  i-.i'litioas, 
and  on  dilferent  routes.  This  is  the  problem  of 
wave  forecasting.  In  some  comments,  and  by 
personal  communication  to  the  writer,  the  hope 
was  expressed  that  oceanographers  can  fill  this 
gap.  1 1 must  be  confessed  by  oceanographers  that 
there  are  many  open  .questions  in  ocean-wave 
research  and  that  much  more  work  still  has  to  be 
done  in  the  field  of  theory  and  observation  before 
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all  the  }in)bleiiis  iiboiit  ocean  waves  can  be  ai-- 
swered  satisfactorily. 

The  new  iiiet’aods  for  nireeastiii)'  the  iictua! 
state  of  the  sea  at  given  win:!  speeds,  fetches  aju5 
durations  of  wind  uciioii,  as  given  and  e.-cplaiiieJl 
in  sev’end  recent  publications,  are  a step  forward 
in  this  direction.  References  11:2]  and  fl5]  in 
'the  paper  pve  the  necessary  inforination.  They 
permit  the  forecasting  of  the  wave  six'ctra  for 
different  weather  coiutificii«  on  tlifferent 

routes. 

.Mr.  John  \V.  TuKitY,^’  I'intor:  It  is  a great 
pleastire  to  see  the  technitiues  deveIo|)(.d  lor  deal- 
ing with  ‘‘noise"  (acoustical  or  electrical  functions 
of  the  time  which  arc  “confused,"  showing  both 
randomness  and  distinctive  characteristics) 
spreading  through  the  studj’  of  ocean  waves  to 
shin’s  inntinn,  and  thus,  no  doiibt.  to  the  strains, 
stresses  and  accelerations  of  the  various  parts  of 
the  ship.  By  analogy  with  <iihtr  fields,  we  can 
expect  both  new  insight  and  new  conchisions  to 


'Histories,  Here  ensemble  is  used  in  the  sense  of 
statistical  niectiunics  and  indicates  an  assignment 
of  probability  to  the  funelions  of  t which  describe 
possible  sea-surface  history.  The  situation  is 
entirely  analogous  to  the  simpler  one  where  a 
statistical  distribution  a.ssigns  probabilities  to 
various  jKissible  values  of  a number  or  a vector. 
The  authors  really  consider  the  (linearized)  re- 
sponse of  a ship  to  all  possible  sea  surface  histories, 
giving  appropriate  probabilities  to  the  resulting 
histories  of  ship's  niot'on.  The  usefulness  of 
this  method  of  analysis  is  much  enhanced  by  the 
fact  that  all  histories  of  the  ship’s  motion  and  of 
the  sea  surfaire  are  euiisu'ieieii. 

A simple  example  may  clarily  the  situation 
somewhat.  Let  ?;(«)  take  on  the  values  of  ±1 
with  equal  probability  for  every  u,  and  let  each 
*:(m)  for  each  value  ot  u be  independent  of  the 
)}(.’<)  for  all  other  values  of  u.  Consider 

Jl'  ri{u)  y/ tin 

l'‘hc  same  a|iproximating  sinus  arc  (for  1 , 2,  and  4 
eipial  intervals) 


% I 


' — 1 , l>rol>a1>iiit>  '•.< 

/ -1-  1,  probnhiliiy  ' 

\ — \^2,  probability  ’4 
0,  prolialiility  ’ 

[ V'-.  prolialiilitv  '4 
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— 12,  pr.)!)abi1ily  ' 1 b 

— 1 , probabiliiy  :f  i b 

0,  pro’Da'oility  ’’’ir 

1 , proliability  •*■, 

2,  probability  *^1  r> 


follow.  The  writer  predicts  i'i)is  will  prove  to 
be  an  important  iiionccring  jiaper. 

Formula  (l.U))  appears  'civ  strange  at  first 
sight.  (This  strangeness  seems  to  have  very 
considerable  value  in  causing  the  reader  fo  stop 
and  think.)  Thi<:  strangeness  should  not.  it  is 
belicvexl,  be  associated  with  the  name  of  Lcbe-sejiie. 
The  approxiinatiiig  .sums  iiullcatcd  iii  formula 
(1.14)  are  the  same  type  of  sums  as  oi-cur  in  o. 
dinary  (Rieiiianii)  integration,  'file  strangeness 
may,  however,  he  associated  property  \yith  the 
nature  of  the  approximating  sums  and  the  nature 
of  their  limit. 

The  authors  do  not  seem  to  have  made  it  clear 
that  equation  (1.10)  rciircscnts  not  one  sea  sur- 
face history  but  a whole  ciiscnible  tif  sca-surfucc 


The  liiiiil  Ilf  uivsv  a',>j>ii»:\iiiiatuig  sums,  eaeli  of 
which  is  a distribiiiic-ii,  is  a (laussian  distribution 
with  mean  zero  and  unit  variance.  It  is  easy  to 
see  that  replacing  Viiu  by  .'/«  gives  a limiting 
distribution  involving  only  the  value  zero.  The 
.square  root  is  esseiitial. 

.■\s  a second  exaiiiiilc,  consider 

f ' cos  (t  -j-  €(«))  \/dii 
0 

where,  us  in  (1.14),  each  5(11)  is  nniforiiily  dis- 
tributed on  [0,  27r]  indcpciidciitly  of  all  others. 
When  the  approxiiiiatiiig  sums  are  calculated, 
each  will  be  an  ensemble,  and  each  will  be  of  the 

lOi' ill 

\A  c.  's  (<  -j-  * / 1 

where  /I  > 0 and  < is  iiniloriiily  ilistribiitcd  on 
(0,  2irj  independently  of  A . The  distribution  of  A 
will  depend  on  the  iiiiiiibcr  of  intervals  in  t’r.c  ap- 
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proxiniatiiig  sum,  being  conceiitrat'ed  at  + 1 for 
one  interval  and  converging  to  the  distribution  of 
B'  T C-,  where  B and  C are  independently  dis- 
t'ibuted  Gaussian  distributions  with  'uean  ?.ero 
and  variarce  ' o.  (This  follows,  easily  by  eoii- 
sidering  A cos  (J  + t)  — B cos  / + C sin  t) 
Again  rc|)lacing  vw//<  by  <iu  ‘.vouid  make  the 
integral  identical!)'  zero. 

In  tliis  the  cnsec.'.blc  consists  only  of 

sinuEoina!  functions  of  the  tinie,  of  perioti  '2v, 
and  can  be  easily  described  verbally  or  by  sinipde 
forinnlas.  However,  when  vve  reach  the  level  of 
eoniplexity  required  for  the  representation  of  a 
confused  sea,  the  descriptuiii  given  by  (1.10)  is 
probably  the  simplest  precise  formulation  ;»s  \v(rll 
as  the  one  easiest  to  inani|)ulatc.  The  sc|iuire  root 
is  still  essential. 

Each  of  the  authors'  a(5proxinuiting  sinus  in 
(1.14),  where  we  take  the  co,  as  fixed  and  the 
as  independently  :in!l  uniformly  distributed  ac- 
airding  to  (l.l.'l),  is  mi  ensemble  of  fnnctiotis  of  /. 
Their  limit  is  alsi’  an  ensemble  of  ftnietioiis  of  t. 
(The  idea  c-f  working  with,  ensembles  is  nnfa- 
niiliar,  but  very  useful  aiul  powerful.) 

Finally,  the  writer  should  like  to  suggest  that 
the  authors'  words  of  warning  concerning  the 
diliiculties  of  treating  jihascs  need  not  be  taken 
too  seriouslv.  The  analysis  will  become  more 
complex,  but  not  by  a factor  of  more  than  2 or  d. 
When  such  analyses  are  needed,  they  will  be  per- 
formed, and  without  serious  difl'iculty.  More- 
over, recent  unpublished  devclopmeiits  suggest 
that  the  questions  of  noiiliuearify  w'-ich  the 
authors  allude  to  in  passing  aiso  can  be  handled 
when  ready  necessary.  The  increase  in  com- 
plexity will  be  considerable  but  solutions  can 
reasonably  be  expected.  The  writer  agrees  with 
the  authors,  howcvei , that  the  linear  (and  hence 
Gaus-sian)  analysis  which  they  have  given  will 
suffice  for  most  purposes  so  far  in  view. 

Mr.  Wilbur  Ni.^RKS,’'  Visitor:  One  of  the 
branches  of  oeeanograjihy  is  concerned  with  the 
study  of  the  configuration  of  the  sea  surface  and 
the  prediction  processes  associated  with  the 
propagation  of  wliiu-ge.iviaied  surface  waves. 
The  oceanographer  has  suffered  from  a simple 
case  of  not  seeing  the  forest  bf  cause  of  the  trees. 
That  is.  the  tendency  has  bcrii  to  study  in  grea',. 
detail  the  phenome.non  known  as  the  seaway 
without  any  regard  to  that  system  wliieli  is  most 
affected  by  it,  seagoing  vessels.  On  the  other 
hand,  the  naval  architect  plans  and  bniicis  his 
ships,  always  keeping  in  mind  that  the  seaway 
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has  a great  I’ffect  oii  his  vessel  and  always  tr>/ing 
t > conipeiisate  for  this  effect,  yet  never  tjuite 
understanding  the  hull  implications  of  the  jiroper- 
tscs  of  the  sca'way. 

The  first  joint  effort  of  the  naval  architect  and 
oceanographer  has  |)rcsenied  a tiear  picture  of  the 
very  complex  sea  surface  in  a way  tnac  suggests 
the  feasibility  of  the  use  of  the  seaway  as  a tool 
for  the  naval  architect  rather  than  a mystic?-! 
phenomenon  heretofore  considered  as  a ♦'oimidable 
foe. 

The  jiaper  demonstrates  the  way  in  which  a 
kooxv'C'lge  of  the  configuration  of  the  sea  surface 
(based  OH  energy  considerations)  combined  with 
the  respoiisc-anqilitnde  ojierators  (which  depend 
on  the  projicrties  of  the  vessel)  and  a detailed  fre- 
quency map])ing  can  he  used  to  deteniiinc  the 
amplitude  res]}onM.-s  of  the  vessel  in  three  cho- 
M-ii  degrees  of  freedom.  The  limitations  on  the 
theory  are  stated  clearly  so  that  the  boundaries 
of  its  sweeping  conelnsions  are  clearly  defined  to 
even  the  casual  reader. 

No  theoretician  is  ever  tjuite  satisfied  with  the 
results  of  his  efforts  unless  the  coiiclusions  are 
verified  by  experiment.  Here  again,  a joint 
effort  has  been  undertaken  by  the  n.aval  urcliiteet 
and  weanographer.  .\t  the  Woods  Hole  Oceano- 
graphic Institution,  n .'l.o-ft  launch  has  been  caie- 
fully  outfitted  '.vith  devices  designed  to  record  roll, 
pitch,  and  heave.  These  motions  arc  being  stud- 
ied in  a seaway  composed  of  waves  '2  to  3 ft  high 
(which  eliminates  the  nonlinear  effects  of  high 
waves),  the  whole  system  being  analogous  t-;:  a 
large  ship  in  a more  energetic  seaway.  'I'he 
configuration  of  the  sea  surface  is  measured  from 
stercophotographs  taken  from  a bridge  situated 
I'toft  .".h.-'.-.  v th.  .•.cav.’u.y.  'r,ic-  ..-sponsc-amjiiitude 
operators  are  computed  from  the  theoretical  eoii- 
sideratioiis  discussed  in  the  paper.  The  shi])  re- 
sponses also  are  measured  so  that  the  aiiswer  to  the 
problem  is  know  n beforehand  and  thus  -nay  serve 
ns  a check  on  the  conqmted  response  operators. 

The  iiifomnit ion  .so  obtained  makes  it  possible 
to  evaluate  the  energy  S])ectruni  of  the  sea  sur- 
face and  of  the  ship  motions  by  the  methods  out- 
lined by  Marks  (.-cfcrencc  [llj  of  the  paper).  If 
the  procedure  of  this  paper  is  followed,  the  prod- 
uct of  the  energy  siiectrum  of  the  seawny  with 
the  response- anqilitude  operator*'  and  the  pro'.ici 
frequency  mapping  will  result  in  the  eiiergy  spec 
truni  of  the  vessel's  motions.  Since  this  is  known, 
the  solution  is  available  as  a check  on  the  product 
above. 

Preliminary  inve.stigation  has  yielded  the  ship 
responses  in  head  and  following  seas  for  the  vessel 
traveling  at  fi  knots.  This  is  shown  in  Figs, 
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2 anri  herewith.  It  is  interesting  to  note  that 
the  wind  which  generated  the  2,*  j-ft  waves,  which 
produeed  the  motions,  was  apiiro.xiiiiately  do  niph. 
The  fetch  is  approxiniatoiy  1 mite  long,  and  it  is 
necessary  to  have  a fetch  of  at  least  4(»0  miles 
before  a faily  deveiope<I  sea  ean  be  attained. 
The  sea  spectrum  will  have  a ’naximuni  of 
which  is  very  much  lower  than  that  for  the  fully 
developed  sea.  For  this  fetch,  even  very  high 
winds  i)robably  would  have  dillieiilty  generating 
waves  4 ft  high. 

The  motion  reco.^ds  are  similar  to  actual  wave 
records  and  indeed  have  ci'oihir  statistical  ch.urac- 
teristics  (see  section  o!  the  pajter,  "The  Sliij) 
Motions”).  Consequently,  these  records  are 
treated  in  the  same  statistical  niaiuier  as  wave 
records  (equations  i).‘2  to  .5. 1 0) . The  record.s of  the 
ship  motions  for  pitch  and  roll  in  Figs.  2 and  .3,“ 
herewith,  are  described  bj  the  second  and  third 
equations  of  (5.1).  The  motion  of  translation 
in  the  s-direction  is  measured  by  an  accelerometer 
and  the  record  may  be  rcp.eseiitcd  as 

("c’/'  = Jn  cos  [(tiJ  4-  »(.,i.) j\/(a(«, ) j-dc-v.  (I) 


i n order  to  convert  the  acceleration  record  to  one 
of  heave,  it  must  be  integrated  twice  with  respect 
to  time.  However,  if  the  heave  record  equation 
(5.1 ) of  the  pajicr  is  differentiated  twice  with  re- 
spect to  time  and  set  equal  to 
discussion,  it  is  seen  that  a relationship  e.xists  be- 
tween the  heave  spectrum  [s(«,)J-  and  the  ac- 
celeration spectrum  [s  («),)]•  that  is 


i'-i) 


Consequently,  if  the  si)cctrum  of  vertical  accelera- 
tion is  computed  and  the  at  discrete 

values  of  w,  are  divicied  by  the  appropriate  co,’, 
the  re.sult  is  [s(u),)]-. 

P'or  head  seas,  the  cumulative  fcs|>onse  ampli- 
tude densities  of  the  motions  R*^,  R*^,  and  R*,, 
are  all  greater  tban  the  cjjrrcsjjoi.di.ig  values  for 
following  seas  as  comparison  of  Fig.  1 w:>b  Fig.  2 
of  this  discussion  shows.  In  addition,  the  fre- 
(joeneies  for  the  motions  in  hear!  seas,  /,[,  and  /^. 
are  greater  than  for  following  seas.  The  result  of 
this  is  that  in  head  seas  the  product  of  the  two- 
fiimensionai  wave  spectrum  with  the  response- 
amphtude  operators  is  such  tnat  significant 


e 
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onant  frequencies  of  the  res|)ouse-auipiitU(.ic  op- 


tude  motions  in  head  seas. 

Ill  foliowiiiM  ScaS,  the  vessel  encounters  the  sig 
nificant  amounts  of  energy  in  the  seaway  at 
much  lower  frequencies  (higher  periods  of  en- 
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counter),  since  tne  wave  lengths  are  of  the  same 
order  of  magnitude  as  the  length  of  the  vessel. 
The  pit  di  records  .'how  little  relative  diiTereiice 
in  wave  rpeeci  and  ship  speed  ano,  lienee,  the 
vessel  tips  relatively  slowly  fore  and  aft  as  she 
adjusts  to  the  profile  under  the  ship. 

!n  both  head  and  following  seas  there  are  some 
spectral  components  which  encountered  the  vessel 
fioni  the  quarter,  the  frequencies  of  encounter 
being  different  than  in  the  case  of  encounter  tier- 
pendicular  to  the  crests  of  those  waves.  The  result 
is  an  induced  roll  which  produces  higher  roll 

aifipbliides  iii  lieau  seas  aiid  higiiCT  nvll  periods 

ill  following  seas. 

Caj-t.  Haroi.u  E.  Saunok.hs,  U.S.N.,  (Ket.) 
Member:  This  pajjer  treats  of  a very  important 
subject,  and  I should  like  very  much  to  present  a 
technical  discussion  of  it,  if  only  I could  under- 
stand it. 

For  those  who  wish  to  learn  about  some  of  the 
fiindaincntai  concepts  involved,  I commend  the 
report  listed  as  reference  [15]  of  the  paper,  by  Dr. 
Pierson,  Dr.  Neumann,  and  Mr.  James.  This 
gives,  iii  beautifully  siiiijdc  aiiu  straiglitforwaru 
language,  much  of  the  story  necessary  for  an 
iindcrstaiiiling  of  the  jvresent  paper. 

For  all  those  nitiiibeis  of  the  Society  who  have 
»<->  w'ri.tc  onoers  of  this  kind,  I ask  the  reader’s  in- 
dulgence to  quote  a rather  free  translation  of  some 
remarks  made  by  .Xdiniral  Barrillon  on  a paper 
read  by  an  italiaii  engineer  before  the  French 
Society  of  Naval  .Architects  (.Association  Tech- 
nique .Maritime  et  Adronautique,  Proceedings, 
voluiiie  .’1.3,  H)20,  page  72) ; 

" . . the  p'aper  may  be  read  from  one  end  to  the 
other  without  the  necessity  of  following  the  cal- 
culations, ])cii  ill  iiaini,  and  without  ever  going 
back  to  look  u]i  the  significance  of  a letter  or  a 
svinbol.  The  re.ider  comes  to  the  end  with  the 
realization  that  nothing  is  forgotten  and  that  an 
iuc-iiiical  fmnlamcr.ta!  treatment,  presented  with 
integrals,  would  have  added  nothing,  either  in 
vigor  or  in  generality.  Last  but  not  least,  the 
rcaeier  is  convinced  that,  when  the  day  comes  that 
he  will  want  to  try  an  ajiiilication  of  this  method, 
he  will  not  have  to  relearn  the  ealeulations  him- 
self. line  by  line.  On  the  contrary,  he  will  be  able 
to  give  the  numerical  work  directly  to  a uruits- 
iiiaii,  to  be  done  without  special  preparation." 

Messrs.  vSt.  Denis  and  Pu?rson.  The  authors 
arc  grateful  for  the  hcaiteiimg  response  from  so 
many  distil igiiished  researchers  in  this  fascinating 
field  of  shio  motions  and  would  like  to  make  the 
following  rather  incomplete  closing  remarks. 
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As  to  Professor  Korvii'.-ICroukovsky’s  rcntark 
that  we  gave  tio  estimate  (.f  t’ae  range  of  atigles  to 
be  expected  in  practice,  we  should  like  to  eiii- 
phasize  that  our  iatetit  was  t(s  provide  a method 
of  atiaiysis  which  wottld  be  valid  regardless  of  the 
amount  of  short-crc'stedness.  An  idea  as  to  the 
angular  variation  of  the  energy  spectrum  for  a sea 
may  be  obtained  from  the  theoretical  spectrum  of 
equation  (1.2S).  This  etnpirica!  equation  is  sub- 
stantiated bv  a rather  large  mass  of  indirect 
evidence.  No  direct  evidence  is  available  because 
two-variables  spectra  of  the  sea  surface  liave  not 
as  yet  been  obtained. 

In  legard  to  the  coniiuetd  on  the  necessity  of 
considering  coupled  motions,  reference  is  made  to 
the  third  paragraph  of  the  discn.ssiou  by  Mr. 
Chadwick  wherein  our  reasons  for  restricting  the 
paper  to  uticoupled  motions  are  clearly  brought 
out.  For  coupled  motions  the  inatheniatics  will 
he  s<miewhat  more  complex,  but  the  princijiles 
and  the  method  will  remain  the  same.  The 
purpose  in  writing  this  paper  was  not  to  iiujuire 
how  v^ell  the  problem  of  ship  tnotions  i::  confused 
seas  could  be  solved,  but  whether  it  could  be 
solved  at  all.  The  logical  extcrisitni  to  coupled 
motions  will  bt?  carried  out  in  the  near  future  in 
connection  with  the  ex])ei  imcntal  work  under  way 
at  Woods  Hole. 

It  is  not  jjossible  to  reply  to  the  coniinent  on 
the  seriousness  of  the  restriction  to  linearity  on 
the  basis  of  available  data.  Analyses  of  shij) 
motions  carried  out  so  far  iiiuicule  that  the  non- 
linear effects  may  not  be  too  serious.  The  vessels 
for  which  motions  were  analyzed  comprised  a 
troop  transport,  an  aircraft  carrier,  and  a motor 
launch.  As  concerns  the  analysis  of  the  nonlinear 
effects  the  comment  by  Dr.  Tukey  is  indeed  prom- 
ising. 

We  appreciate  the  comments  of  .Mr.  Cunmiins 
whose  summary  of  jmssible  applicaiioii^  -answers 
questiims  ruicpH  by  other  discussers.  The  remark 
on  the  two  types  of  nonlinearities  is  especially  im- 
portant. 

We  should  like  to  reply  to  the  criticism  of  Mr. 
I.«wis  (and  incidentally  also  of  Professor  Korvin- 
Kroukovsky)  that  experimental  methods  were  not 
given  full  justice,  by  noting  that  tiiese  are  fairly 
obvious,  rather  simple,  and  quite  well  known. 
The  intent  was  to  present  a logical  alternate 
method. 

We  regret  to  disagree  that  head-on  or  following 
sea.s  are.  the  most  important  This  needs  first  to 
be  estabiisheii.  For  wetness  it  would  appear  that 
a sea  having  beam  components  inducing  roll  might 
Wf“ll  be  of  greater  severity. 

With  reference  to  the  availability  of  occmio- 
giaphic  (lata  on  wave  characteristics,  more  UT)-t'>- 


date  and  conqilete  results  have  been  obtained  since 
references  by  Keinjif  and  Kent.  These  new  re- 
sults agree  well  with  Neiirnann’s  theory  presented 
in  the  paper.  It  is  possible  today  to  describe  the 
energy  spectrum  of  the  seaway  quite  accurately 
from  meteorological  data. 

The  warning  that  the  spectrum  given  in  Fig.  1 .6 
should  be  used  with  caution  is,  we  feel,  not  too  well 
taken.  In  the  trade-wind  regions,  for  example, 
such  a spectrum  might  be  expected  to  exist  for 
days  on  end,  and  it  should  represent  the  .seaway 
over  areas  of  thousands  of  square  miles.  Even 
for  the  case  where  the  siM.-etrum  is  building  up,  it 
can  be  forecasted  by  the  techniques  given  in  refer- 
ence [I")].  The  constant  wind  blowing  for  a long 
time  over  an  initially  calm  surface  is  sufficiently 
accurate  an  approximation  to  peniiit  a descrijition 
of  the  seaway  for  about  half  of  llie  area  of  the 
North  Atlantic  Ocean  most  of  the  time.  As  soon 
as  the  wind  ceases  over  a given  area,  the  various 
waves  in  that  area  travel  away  so  fast  that  the 
more  complex  sjiectra  which  are  possible  are  rather 
rare  phenomena  which  at  the  present  tiir.c  need 
not  worry'  the  inrxstigator  too  much. 

Of  course  when  the  wind  shifts  suddenly,  cross 
seas  develop  which  may  be  very  severe.  But 
shortly  thereafter  the  seaway  may  well  assume 
the  fonn  given  by  the  theoretical  spectrum. 

The  assumption  that  a complex  cross  sea  can 
be  considered  as  being  made  up  of  two  long- 
crested  seas  coming  from  different  directions  is 
very  attractive  and  wouM  result  in  a considerable 
simplification  of  the  problem.  Unfortunately, 
there  is  insufficient  knowledge  in  hand  to  deter- 
mine under  what  conditions  such  a simplification 
would  be  reasonable. 

T!ir  idea  of  using  effective  wave  lengths  is  very 
good  in  so  far  as  it  aims  to  make  the  most  use  of 
presently  available  facilities  and  in  .so  far  as  it  is 
restricted  to  the  motions  of  heave  and  pitch.  The 
effect  in  roll  cannot  be  considered  in  this  manner 

Wc  are  looking  forward  with  interest  to  the 
completion  of  the  work  at  Woods  Hole  and  will 
study  it  deeply  when  available.  We  hope  that 
Nature  and  Dr.  I.selin  will  conspire  to  bring  about 
a verification  of  the  theory  presented  in  the  jiaper. 

The  comments  of  Dr.  Davidson  are  pre- 

cise, aiiu  to  ilie  point.  He  also  is  concerned  with 
simplifying  the  p'roblem  of  the  confused  sea  by 
introducing  a minimum  number  of  components. 
Such  a simpliticatiou  with  mode!  studies  slimiul 
provide  information  on  the  validity  of  the  assump- 
tion of  linear  superposition  if  the  individual  com- 
ponents are  not  too  iiigh.  It  should  he  empha- 
sized, howe\’er,  that  going  to  an  infinite  number  of 
components  does  not  jiroportionally  increase  the 
exmr  Icxity  of  the  work.  Indeed,  the  infinitely 
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con  i)lex  (short-crested  (luussiiin  seaway)  can  be 
treated  with  relatively  little  increase  hi  effort  over 
the  sininler  imwlels. 

The  derivation  given  by  Or.  Szebchely  is  valid 
for  the  heaving  and  pitching  motions  of  a vessel  in 
long-crested  head  and  fallowing  seas  and  for  the 
rolling  motion  of  a ves»;l  in  beam  seas.  The  ex- 
tension of  this  method  to  short-crested  seas  will  in- 
volve the  same  procedure  as  gi\'eii  in  th<‘  paper. 

With  reference  to  the  [ioiiit  that  in  the  deciva- 
ticii  of  Dr.  Szebchely  it  was  not  nc-cessiiry  to  as- 
sume that  the  wave  ordinates  were  ('laussian,  it 
should  be  irointed  out  that  a riaussian  function  is 
a random  fu.iction  but  that  the  inverse  is  not 
necessarily  true.  Waves  are  known  to  approxi- 
mate closely  (iaussiaii  functions.  This  is  fortu- 
nate since  much  more  is  known  about  (laussian 
functions  than  about  functions  that  are  iion- 
Gaussian.  The  as.sui'iption  that  the  wave  ordi- 
nates are  indeed  Gaussian  functions  permits  a 
larger  number  of  conclusions  to  bt  drawn  than 
otherwise  would  be  the  case. 

The  ciilicisni  that  F,,(t)  being  a random  function 
one  should  not  expect  to  be  able  to  find  .<(/)  is  cor- 
rect in  the  sense  ihat  the  exact  lonn  c!  .<(/)  cannot 
be  derived  However  the  statistical  projierties  of 
F,(t)  and  .?(/)  are  linked.  Since  the  seaway  is  a 
stationary  Gaussian  process,  we  will  never  be  able 
to  do  any  better  in  a practical  sense. 

The  generation  of  Gaussian  seas  in  a laboratory 
is  not  a simple  process  and  ihe  paddle  method  de- 
scribed appears  to  be  rather  optimistic  as  an  at- 
tempt to  reproduce  waves  generated  by  natarc. 

In  reply  to  the  question  as  to  whether  wave 
amplitudes  or  v,ave  ordinates  follow  a Gaussian 
distribution,  it  is,  of  course,  the  latter  as  brought 
out  following  Equation  (l.lfi)  ni  the  lesi. 

As,  to  the  second  point,  namely,  that  the  repre- 
sentation of  a sea  by  means  of  its  energy  spectrum 
is  not  a plausible  one,  we  concur  if  this  is  inter- 
preted to  mean  that  the  energy  spectrum  d.-Ks  not 
give  a complete  and  accurate  physical  portrayal  of 
the  sea.  Such  a representation,  hov/ever,  docs 
provide  one  with  a knowledge  of  the  essential 
statistical  properties  of  the  seaway.  This  is  all 
that  is  required  to  obtain  a statistical  idea  of  the 
resulting  ship  motions,  .vnd  since  for  a confused 
sea  the  motions  can  onlv  be  staled  siatisticaily,  a 
knowledge  of  the  eneri^v  sppctnuu  •=  fulhciei;;. 
Anything  beyond  that  is  useless. 

The  su!rire.'!tcd  ositlinp  r.,r^  ‘v'h’ing  the  prcblcnr  of 
Slamming  appears  to  be  reasonable.  In  addition 
phase  relaiionships  between  excitation  and  re- 
sponse neeil  to  be  investigated. 

The  kind  renitirk.s  of  Dr.  Chadwick  ure  encour- 
aging. With  reference  to  his  coniiiieiits  on  cou- 
pling it  m.iy  be  said  that  this  problem  can  be 


tackled  with  hope  of  success  as  (xiinted  out.  for 
example,  by  Mr,  K.aplaii.  The  assump>tion  that 
vy«.-  eiiuta''ored  to  keep  the  presentation  simple  is 
(.orrcct.  The  c(]uatioiis  of  the  coupled  motions  of 
a ship  are  foriiiidable  indeed.  Fortunately,  elec- 
tronic computers  are  available  along  with  power- 
ful niathcinatica!  techniques;  one  should  antici- 
pate that  jireseiit  difliculties  will  be  surmounted 
eventually. 

The  reply  to  the  (juestioii  on  inverting  the  pro- 
cedure is  ill  the  anirmativc.  If  the  ship  motions 
and  the  spectrum  of  the  seaway  are  known,  the  re- 
sponse-amplitude ojierators  can  be  found.  The 
technique  involves  ’■■iiuiing  a model  or  a ship  at  a 
constant  velocity  at  many  different  headings  in 
the  seaway  so  as  to  sort  out  the  effeebs  of  varying 
frequencies  of  encounter. 

Tin:  '■esialenient  by  .Mr.  Kaplan  of  the  authors’ 
firocedure  is  correct.  .A^s  to  the  rciiuirk  on  j)hase 
relations  attention  is  invited  to  two  ()apers:  the 
first  by  Press  and  .Muzelsky,”  the  second  by  Press 
and  Houbolt.’* 

Dr.  Wcinbluiu  •.Vui  iis  aguiust  neglecting  the  reg- 
ular seaway.  It  is  believer!  that  by  use  of  the 
approach  iircscnted  in  this  paper  the  importance 
of  stiulies  of  ship  nioti  ns  in  regular  seaways  will 
be  increased  because  tlie  results  will  find  an  inter- 
pretation in  the  case  when  the  seas  are  confused. 

In  reply  to  Mr.  Williams,  we  note  with  satisfac- 
tion that  independent  observations  have  shown 
that  various  ship  motions  are  Gaussian,  that  a 
partial  confinnation  of  these  theories  is  possible, 
and  that  an  analysis  of  the  spectra  of  these 
motions  has  not  indicated  any  pronounced  effect  of 
coupling.  These  results  suggest  that  a derivation 
which  neglects  coupling  may  prove  to  be  a rather 
satisfactory  approximation  in  the  study  of  actuai 
ship  motions. 

In  reply  to  Mr.  Ward,  the  tenninologj'  “transfer 
function"  generally  used  in  this  connection  was 
dropped  in  favor  of  the  more  cumbersome  re- 
sponsc-aniphtude  operator  for  reasons  of  rigor. 
The  transfer  function  is  used  in  operational  cal- 
culus to  determine  t'ie  resjjoiise  of  a system  sub- 
ject to  a set  of  initial  conditions.  The  response- 
amplitude  operator  is  indt:pendent  of  the  initial 
conditions  and  gives  only  the  amplitude  of  the  re- 
sponse, not  the  response  itself. 

The  tests  at  Jamestown  have  just  been  con- 
cluded but  the  task  of  reducing  and  iriterpreting 
the  data  is  still  ahead.  \vc  lo(>k  forward  to  ihe 
results  v.dth  keen  anticipation. 

l*rtss  ttn«l  .MA2eUky  (ll)r>3)-  "A  Study  of  thi'  .Application  of 
Power  •Spectral  Methotis  of  Generalised  Harmonic  .Analysis  to  Gust 
Loads  on  Airplanes.”  NACA  Tecii.  Note  2853,  1053. 

••  Press  an^^l  Houbolt  [1954):  “Some  Applications  of  Generalized 
Marmoui^.  Auulysis  CiwSl  Load:;  on  .\»»nlHnes.’'  l*reprint  #449. 
Institute  of  the  Aerormuticftl  Sciences 
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Mr.  Couper  is  well  uware  ol  the  iin|>urt;!!ice  of 
oceanography  in  shij)  ciesign.  His  comnieiits 
serve  tc.  illustrate  tlic  thesis  that  tit:!theni:itics  is 
universal  and  that  in  niatheniatics  what  has  been 
developed  in  one  field  can  often  be  carried  over  to 
another  field  (excejit  for  minor  cliances  in  ternii- 
nolcgy)  and  applied  with  promising  results.  In  the 
present  paper  this  Wiis  done  by  taking  results  de- 
rived in  electronic  theory  and  e.xteiiding  them  to 
ship  motions. 

In  reply  to  Professor  Lewis  it  should  be  eni- 
jihasized  that  the  sc(»pe  of  the  jiaiier  was  liinitccl 
to  an  inquiry’  as  to  whether  or  not  it  were  at  all 
feasible  to  deal  with  the  problem  of  ship  ntotions  in 
confused  seas.  Within  the  permissible  length  of 
present-ation  only  the  essential  features  of  a theory 
could  be  given.  Possible  applications  of  the 
theory  were  discussed  by  Mr.  Cummins. 

Professor  Lev/is’  suggested  technique  for  obtain- 
ing the  rnaximuni  possible  stress  does  not  work. 
When  such  an  analysis  is  carried  out,  cither  on  a 
wave  or  on  a stress  record,  the  longc  !<'  record 
the  greater  the  number  of  coniponcnio.  If  the 
amplitudes  ol  all  the  individual  compoiiems  were 
to  be  combined  in  phase  their  sum  wo’uld  increase 
with  length  of  record!  The  final  result  would  be 
that  any  possible  niaximuin  stress  could  be  ob- 
tained from  the  analysis  by  simply  stretcliing  or 
shrinking  the  stress  record.  The  essence  of  the 
theory  presented  in  the  paj/er  is  that  the  coaijK)- 
nents  of  wave  or  ship  motion  (or  stress  for  that 
matter)  cannot  be  combined  in  zero  jdiase,  but 
necessarily  must  be  summed  up  in  random  phase. 
CcrtiMtily  long  befo'.t  ext.’’cniciy  high  amplitudes 
could  be  obtained  the  problem  becomes  nonlinear 
and  the  results  :ue  inapplicable.  Reference  is 
made  again  to  the  paiier  by  Press  and  Ma-selsky’** 
wherein  the  same  techiiicjues  have  been  applied  to 
stresses  in  aircraft  sti  ucturcs  with  remarkable  re- 
sults. Once  it  is  recogirized  that  the  jirobleiii  is 
e:-=cntially  statistical,  it  is  [lossibic  to  advance. 

Phase  relations  were  not  considered  in  the 
paper.  complete  theory,  of  course,  should  take 
them  into  account.  As  iiointed  out  by  Professor 
Tnkcy,  it  is  possible  to  do  so  but  at  the  exjiensc  of 
an  increase  in  complexity. 

We  regret  that  we  cannot  understand  the  argr.- 
irt-nl  that  iircgular  seas  arc  regular  at  tinic.s.  The 
fact  that  on  certain  days  a sea  can  be  dead  cahn 
cioes  not  al/ect  the  motions  of  a ship  in  a seaway 
caused  by  a gale.  The  argnment  is  rendered  more 
obscure  by  Prolossor  Lewis’  concurrence  as  to  the 
absence  of  an  (analytical)  pattern  in  an  irregular 
sea. 

Although  the  problem  of  ship  irotions  in  a con- 
fused sea  can  be  appri^ached  through  a method 
based  on  transients,  it  is  exceedingly  doubtful 


that  this  can  lead  to  a praclicai  solution.  One  of 
the  ]H)werful  advantages  of  the  tcchninne  pu  .• 
senteu  in  the  pujicr  is  that  shii)  tnotions  can  be 
treated  statistically  as  steady-state  phenomena 
and  not  as  a succession  of  transients.  The  anal- 
ysis by  numerical  methods  of  the  exact  liiidiun 
of  a ship  in  a complex  seaway  for  a reasonably  long 
time  (20  min)  is  an  extremely  cumbersome  task 
even  with  a large  .staff  and  high-speed  comimters. 

Perha])s  the  concept  of  prediction  should  be 
clarified.  Short  range  prerliciions  of  ship  motions 
(.■)  to  U)  sec)  can  be  made  solely  on  tlie  basis  of  tlie 
past  hist!5r,’  of  the  u-otions.  This  is  accomplished 
by  means  of  the  prediction  theory  developed  by 
Wiener  12(>i.  The  mctl.iod  depends  only  upon  the 
autocorrelation  function  of  the  record  with  itself. 
Of  course,  the  prediction  beco-.ncs  progressively 
worse  as  it  is  extended  in  ’ihc  ftitnre.  In  this  case 
the  fonn  of  the  seaway  has  nothing  to  do  with 
the  iwoblem. 

Dih’s  a confuseii  seaway  have  a pattern?  In  an 
anaiyiicai  sense  the  ansv/er  is  probably  no.  A 
pattern  is  not  excluded,  but  is  improbable.  In  a 
statistical  sense  the  answer  is  definitely  yes.  It 
is  aclualiy  the  existence  of  such  a statistical 
pattern  that  leads  to  practical  results. 

The  idea  of  a device  for  foretelling  the  character 
of  the  sea  api)n)adiing  the  ship  is  being  investi- 
gated at  present  with  the  intent  of  improving  pre- 
dictions. The  iinprovcntc’.it  shouid  result  from 
correlating  the  seaway  not  only  in  time  but  also  in 
.space. 

We  regret  to  disagree  with  Professor  Ursell  that 
we  have  provided  a simple  method  for  obtaining 
the  energy'  spectrum  of  the  wa.-es  from  that  of  the 
ship.  The  wave  spectrum  is  highly  distorted 
by  the  mappiiig  and  different  w'avc-spectral  fre- 
quencies can  give  rise  to  the  same  frequency’  of  en- 
counter. It  is  ])(;.sr.iblc  to  determine  uniquely’  a 
ship  motion  from  a known  seaway.  The  i’lvcrse, 
however,  doe.s  not  hold  for,  given  a motion,  the 
seaway’  is  not  uniquely  derivable. 

There  is  no  doubt  whatsoever  that  the  validity 
oi  the  Fronde- Krylov  hypothesis  must  be  exam- 
ined critically.  The  dependency’  of  the  ii’srtia 
and  damping  Cwfi’ieiciiis  upon  speed  of  advance 
also  ’mist  be  iietermintd.  These  are  logical  next 
steps. 

The  wave  forinoi-js,  ecjuati-'^ns  (12,  1.3, 
given  in  the  pc.per  do  not  hold  in  Nature  even  for 
windless  areas  since  c’’cr:  a swell  is  ('.aussi.ii'. 
(Observations  indicate  that  seaways  construc;fd 
from  these  formulas  as  in  Equatio.a  [1.21  J agree 
remarkably  well  with  reality. 

The  effect  of  wind  on  ship  niotions  has  been 
neglected  as  constituting  a roncssential  complica- 
tion. The  wind  effect  on  ship  motions  tan  be 
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(It'iilt  with  ill  a siinilur  iiiaii:;cr  as  the  wave  effect, 
introducing,  iiowi'ver,  the  abiVC  vvui-.i  l»oily  uf  the 
ship,  t he  method,  in  this  asv.  is  highly  ciiipiri- 
ciil.  There  is  some  shiiplificat  ion  arising  frori:  the 
single  direction  that  ti'  - wiacJ  has  at  any  given 
point  and  instant. 

The  first  criticism  of  Mr.  Jasper  on  the  com- 
plexity of  the  method  presenter!  has  been  answ  ered 
by  Dr.  Chadwick.  V.  iiOi!  an  m»?a  is  new  to  an 
audience,  it  has  to  be  elnborited  soniewhat  more 
fuliy  and  with  a greater  elegrcc  of  rigor  than  would 
titherwise  be  the  rase. 

It  is  true  (bat  a statistical laiethocl  cutiiiol  pre- 
dict actual  motion.s,  hut  only  certain  propertn-s 
thereof.  Excejit  for  short-raii^e  predictions  in  the 
sense  of  Wiener,  this  is  all  thatwvill  ever  be  possible 
with  a seaway  or  a ship.  Thait  these  properties 
are  all  derivable  from  the  etiergv  spectrum  is  no 
handicap;  any  sigiiifiount  prop-^rty  of  the  seaway 
can.  he  determined  from  the  cn  ergy  spectrum  and 
such  properties  as  caunevt  be  (iftcmiiiicd  from  the 
energy  spectrum  are  not  signifi-cant. 

The  question  was  raised  of  Che  applicability  of 
equation  (l.l)  and,  conscqi-'st’y,  c-f  (1.17)  and 
( 1.21).  These  all  rest  on  the  asrsumpticii  of  linear- 
ity. There  is  mounting  evidence  that  the  last 
equation  is  a highly  valid  rep  resentation  of  the 
seaway.  In  snnport  of  this  nii  y be  cited  a recent 
work  by  Cox  and  .Munk’"  giviiag  results  substan- 
tiating Neumann's  iheoreticnl  .spectrum. 

With  respect  to  the  objectioais  to  tho  cu'nber- 
some  energy  integrals,  reference  is  made  to  the 
conmients  by  Professor  Tuke^'.  The  alternate 
inodeia  are  valid  up  to  a point,  taut  their  extension 
to  short-crested  seaways  is  diffcult.  The  integral 
representation  in  teniis  of  g(i;!  suiggcsted  by  3Ii. 
Jasper  is  invalid.  When  t(u)  takes  on  random 
values,  an  integral  of  the  suggu^ted  form  has  a 
value  identically  zero  as  j)oii!ted  out  in  the  dis- 
cussion of  Professor  Tukey. 

It  is  not  the  energy  spectn*”!  of  the  seaway 
which  has  a Gaussian  form;  ills  the  seaway  record 
that  is  Gaossian.  The  energy  sp>co(  um  may  have 
any  functional  form.  In  so  far  as  it  can  be  deter- 
mined at  prevent  the  Neuman  n spectrum  gives 
such  a form  for  a wind-genecated  seaway.  A 
filtered  portion  of  this  sjjectrcm  gives  the  func- 
ti.snal  form  for  a swell. 

The  technique,  described  hy~  VIr.  Jasper,  for 
determining  the  energy  spectrirau  from  the  Fourier 
transfonn  of  the  autocorrelatitn  fuiict'.on  is  that 
used;  e.g.,  in  the  numerical  m-etticd  of  analysis 
discussed  in  equations  (5.6),  (5  .")  and  (5.8).  It 
is,  of  course,  a straightforward  technique. 

" C Coi  and  W.  il.  Munk  (10.S2.  I953I  yfiisuTcmtnt  of 

the  Koiigtiiicss  of  the  Sea  Surface  from  of  th^;  »un  s 

Glitter."  Part  1.  Part  11  and  Part  111.  AF’' Tectmical  Reports  No. 
1.  2.  and  3.  S.l  O.  References  52  61 . 53-53  ta  US*-"*- 


The  method  described  "oy  Mr.  Fuchs  for  pre- 
(iicting  tile  response  of  a shij)  by  means  of  a kernel 
function  is  complementary  to  the  method  pre- 
sented in  the  piajjer.  Application  of  the  method  to 
irregular  waves  and  to  confused  seas  has  to  be 
worked  out  and  reduced  to  simple,  straightforward 
O|)eratrons  which  can  be  aiiplied  with  confidence. 
The  development  of  ih’s  method,  only  recently 
nutiated,  is  promising  and  should  be  followed  with 
interest.  It  appears  that  in  the  end  it  will  he 
necessary  to  introduce  the  energy  spectrum  of  the 
seaway  if  predictions  of  motions  are  to  be  made. 

Dr.  Neumann’s  remarks  have  served  to  clarify 
some  important  points  which  received  inadequate 
presentation  in  the  text.  In  particular,  his  com- 
ments on  the  meaning  of  the  tenii  "confused” 
when  applied  to  the  .seaway  are  helpful  in  re- 
moving some  iiiisnnderstaiiding  which  may  have 
resulted  from  use  of  this  word.  This  term,  which 
is  not  original  with  the  authors,  was  used  to 
denote  .such  seas  that  uie  formed  'oy  the  combina- 
tion of  irregular  wave  trains  eomiiig  from  more 
than  one  direction.  Dr.  Npiimann's  comments  cn 
the  present  state  of  oceanographic  knowledge  of 
waves  reveal  to  what  extent  the  oceanographer 
can  help  the  naval  architect  in  pursuing  the  line.s  of 
research  suggested  in  the  paper. 

Without  the  interest  and  initial  help  of  Piofcssct 
Tukey  it  is  quite  jxissible  t -.’at  the  paper  would  not 
have  been  started.  He  should  like  the  point  prop- 
erly emphasized  that  it  is  not  a single  seaway  that 
represented  by  equation  (i.IO)  buv.  a whoie  en- 
semble of  seaways  having  in  common  certain 
statistical  jiropcrtics  derivable  fror.i  an  energy 
spectrum.  The  jioint  cannot  be  repeated  too 
often.  However,  in  a scn.se,  by  virtue  of  the 
ergotic  theorem  equation  (1.10)  can  be  thought  of 
as  representing  a particular  realization  of  the  sea- 
way. The  statistical  properties  cf  this  particular 
realization  can  be  dcduceel  as  a (unction  of  time 
niid  space. 

The  clarification  of  the  meaniiig  of  the  squiue- 
root  sign  over  the  differential  is  important  and 
helpful  to  understand  the  meaning  of  the  strange 
cxprcssjcrjs 

It  is  heartening  to  learn  Professor  Tukey’s 
opinion  that  the  study  of  phases  -will  not  increase 
the  complexity  of  the  prcbiciM  sev-c-cely.  Con- 
sequently, it  appears  that  the  important  problem 
of  slamming,  which  is  essentially  a phase-relatiPn 
problciTi,  may  soon  yield  to  (he  same  technique. 
It  was  quite  surprising  to  learn  that  some  non- 
linear aspects  of  the  problem  also  can  be  treatetl, 
for  nonlinearity  is  a formidable  obstacle  to  most 
theoretical  developments. 

In  accordance  with  Piofessor  Tukey’s  remarks. 
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we  have  deleted  all  refere:'ces  to  Lebesque  hi  the 
text  and  in  the  comments. 

Mr . Marks  has  described  briefly  the  trial  work 
under  way  at  Woods  Hole  which  we  hope  will 
serve  to  verily  the  statistical  approach  of  the 
paper.  When  completed,  the  work  should  pro- 
vide a most  valuable  evaluation  of  the  present 
statistical  approach.  The  authors  hope  that 
when  evaluated  their  concept  of  shit)  responses  to 


confused  seas  will  not  be  found  to  be  too  wanting 
in  realism. 

PRHSIOKN!  Bi.kvvktt;  We  thank  Dr.  Pierson 
and  Mr.  St.  Denis  for  the  n.iper.  To  me  the 
word  “dynamoiiumentar’  would  probably  be  tlie 
best  way  to  describe  this  pape.*'.  I am  sure  that 
it  will  be  used  as  a reference  for  years  to  come. 
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Rrmeil  oervicss  Technic/. : Inforiiiatioi!  Pgencf 


Because  of  our  limited  supply,  you  are  requeste  lo  “turn  this  . 
YOUR  PURPOSE  so  that  it  may  be  made  availab  > t<  thei  reqr  t 
will  be  appreciated. 


^EN  rr  HAS  SERVED 
Y«>ur  cooperation 
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NOTICE;  WHEN  GOVERNMENT  OR  OTHER  DRAWIN06,  SPlCIFtCATIONS  OR  OTHER  DATA 
ARE  USED  FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECriON  VrTTH  A DEfTNITELY  RELAT  iD 
GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILITY,  NOR  ANY  OBLIGATION  WHATSOEVER:  AKD  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHICD,  ORW  ANT  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  l-iUT  TO  BE  REGARDED  BY 
IMPLICATION  OR  OTHERWISE  A-S  IN  ANY  MANNER  LICEN3IJJG  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OV.  PERMISSION  TO  M'tNUFACTlIRE, 
USE  OR  bELL  ANY  PATENTED  INVENTiON  THaT  MAY  IN  WAY  BE  RELATED  THERETO. 
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